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Abstract
Recently, the accordiohedron in kinematic space is proposed as the positive geometry
for planar tree-level scattering amplitudes in the φp theory in [1]. The scattering ampli-
tudes are given as a sum over canonical forms of some accordiohedra with appropriate
weights. These weights are determined from the condition that when summed over all
canonical forms, the residue of each pole is unit. Once we choose these weights from
this condition, the sum of canonical forms corresponds to the scattering amplitude. This
condition relied on the form of scattering amplitudes.
In this paper, we show that these weights are completely determined by the factoriza-
tion property of the accordiohedron. This means that the geometry of the accordiohedron
is enough to determine these weights. We can also see that the above condition can be
interpreted as one of the conditions which are obtained from the factorization.
In addition to this, we study one-parameter recursion relations for the φp amplitudes.
The one-parameter “BCFW”-like recursion relation for the φ3 amplitudes was obtained
from the triangulation of the ABHY-associahedron [2]. After this, a new recursion relation
was proposed from the projecting triangulation of the generalized ABHY-associahedron
in [3, 4]. We generalize these one-parameter recursion relations to the φp amplitudes and
interpret as triangulations of the accordiohedra. We show that the BCFW-like recursion
of the φp amplitude can be interpreted as the inside triangulation of the accordiohedra.
By using the general formula of the triangulation, we obtain an all-multiplicity result for
the φp amplitude. We also apply the new recursion relation to the φp amplitudes.
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1 Introduction
Recent years have revealed an unexpected connection between scattering amplitudes and the
positive geometry [5, 6, 7, 2, 8, 9, 10, 3, 11]. This connection gives a purely geometric definition
of scattering amplitudes. In particular, tree amplitudes for massless bi-adjoint φ3 theory are
given as the canonical form of an ABHY-associahedron which is defined in kinematic space
[12]. This geometric picture is generalized for more general interaction cases. For example,
stokes polytope for φ4 theory [13], accordiohedron for φp theory [1] and the polynomial
interactions case [14]. In the φp(p > 3) case, the geometry is a union of many polytopes of a
given dimension. These polytopes are related to the subsets of φp graphs and the canonical
form on each polytope gives a partial amplitude which is given as a sum of all graphs in the
subset. We need to sum over all canonical forms for each polytope with appropriate weight
to obtain tree-level planar amplitudes. These weights are determined from the condition that
when summed over all canonical forms, the residue of each pole is unit. Once we choose
these weights from this condition, the sum of canonical forms corresponds to the scattering
amplitude. The important point is that the derivation of this condition relied on the form of
scattering amplitudes. It is an important open question of how to obtain these weights from
the positive geometry only.
This geometric picture of the amplitudes gives us a new viewpoint of the recursion rela-
tions. In [12], a one-parameter recursion relation for tree bi-adjoint φ3 amplitudes is derived
from the triangulation of the ABHY-associahedron. This relation of the recursion relation
and triangulation is similar to the “BCFW recursion relation” [15, 16] of the tree NMHV
amplitude in the N = 4 SYM and the triangulation of the amplituhedron [5, 6]. From
this “BCFW-like” recursion for φ3 amplitudes, an all-multiplicity results is obtained in [17].
Recently, a new recursion relation was proposed from the projecting triangulation of the
generalized ABHY-associahedron in [3]. This “projective recursion” was derived from field-
theoretical consideration in [4]. This projective recursion can be interpreted as a generaliza-
tion of the BCFW-like recursion. The special case of this projective recursion: “one-variable
recursion” is much more efficient than the BCFW-like recursion. This recursion can be also
derived from the general properties of canonical forms of simple polytopes [18].
In this paper, we investigate the weights of the accordiohedra and one-parameter recursion
relations of the φp amplitudes. The weights have been obtained from the condition which
relied on the form of the scattering amplitudes. We show that these weights are completely
determined from the factorization property of the accordiohedron. This means that the
geometry of the accordiohedron is enough to determine these weights. We can also see that
the residue of each pole is unit is equivalent to one of the constraints which are obtained from
the factorization.
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We generalize the one-parameter recursions for φp amplitudes. The important point is
that the recursion relation is defined to the subset of φp graphs, not to all of the graphs.
This comes from the fact that in the φp(p > 3) case, the scattering form on the kinematic
space can be defined uniquely from the projectivity only for the subset of φp graphs. This
projectivity means that partial amplitudes have no pole at infinity in the kinematic space.
We need this property to construct the recursion relation. First, we consider the BCFW-like
recursion for φp amplitudes. We show that this recursion is interpreted as a triangulation
of the accordiohedra. By using the general formula of the triangulation, we obtain an all-
multiplicity result. Next, we attempt to apply the projective recursion for φp amplitudes.
We show the explicit calculation of the one-variable recursion for some examples. We will see
that this recursion is much more efficient that the BCFW-like recursion.
This paper is organized as folIows: in section 2, we briefly review the positive geometry
of the φp tree amplitude. In section 3, we will see the weights are determined from the
factorization property of the accordiohedron. In section 4, we will construct the BCFW-like
recursion relation for φp amplitudes. The important point is that this recursion is applied to
each subset of graphs. We also see that this recursion can be interpreted as a triangulation of
the accordiohedra and obtain all-multiplicity results. Finally, in section 5, we will construct
the projective recursion relation for φp amplitudes. We show some explicit calculations of
the one-variable projective recursion.
2 Positive Geometry for φp tree amplitudes
2.1 Accordiohedron
Here we define a geometric object called the “accordiohedron” [19]. This is proposed as the
positive geometry for φp(p > 3) interactions in [1]. First we introduce the notion of “Q-
compatible diagonal” and “Q-flip”. Let us consider the decomposition of convex polygon A
into p-gons and we call this decomposition as p-angulation of A. We can p-angulate a (2p−2)-
gon into two p-gons and there are p−1 p-angulations. We denote this p-angulations by using
the diagonals {(1, p), (2, p+ 1), . . . , (p− 1, 2p− 2)}. We introduce a notion of “Q-compatible
diagonal” to each diagonal (i, j) of a (2p− 2)-gon as:
(i, j)→ (Mod(i+ p− 2, 2p− 2),Mod(j + p− 2, 2p− 2)). (1)
This can be generalized to any p-angulation of an n-gon. To do this, we need to consider the
unique (2p − 2)-gon which contains the diagonal (i, j). Let’s consider p = 4, n = 8 case and
the quadrangulation {(1, 4), (1, 6)} as an example. The unique hexagon which includes the
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diagonal (1, 6) is {1, 4, 5, 6, 7, 8} and we label this as {1′, 2′, 3′, 4′, 5′, 6′}. Then the diagonal
(1, 6) is Q-compatible with diagonal
(Mod(3, 6),Mod(8, 6))→ (3′, 6′) = (5, 8). (2)
The operation of replacing a diagonal with its Q-compatible diagonal is called “Q-flip”.
Next, we can define the accordiohedron ACPp,n by using this Q-flip as follows. When we
p-angulated an n-gon into (n − 2)/(p − 2) cells with Dp = (n − p)/(p − 2) diagonals, we
call this as complete p-angulation. First we choose a complete p-angulation P . For each Dp
diagonals, we apply the Q-flip operation untill we do not generate any new p-angulation, and
we obtain a subset of the p-angulations. We call this subset as Q-compatible set “Q(P )”.
Then the accordiohedron ACPp,n is defined as:
Vertices ↔ p-angulations in the Q(P )
Edges ↔ Q-Flips
k-Facets ↔ k-partial p-angulations
The accordiohedron contains both associahedron and stokes polytope as special cases.
In the case of p = 3, (1) reduces to (i, j) → (Mod(i + 1, 4),Mod(j + 1, 4)) and this is the
mutation. Then the ACP3,n corresponds to the associahedron. In the case of p = 4, (1) reduces
to (i, j)→ (Mod(i+2, 6),Mod(j+2, 6)) and this is the Q-compatibility defined in [13]. From
this, ACP4,n corresponds to the stokes polytope.
2.2 Planar kinematic variables and the scattering form
Kinematic space of massless momenta pi, i = 1, . . . , n is spanned by the Mandelstam variables:
sij = (pi + pj)
2, for 1 ≤ i < j ≤ n. (3)
We introduce generalized Mandelstam variables as:
sI =
(∑
i∈I
pi
)2
=
∑
i,j∈I
i<j
sij . (4)
A convenient basis for this kinematic space is so-called “planar variables”
Xi,j = (pi + pi+1 + · · ·+ pj) = si,i+1,...,j for 1 ≤ i < j ≤ n. (5)
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By definition, we can see that Xi,i+1 = X1,n = 0. These variables are identified with the
diagonals of an n-gon.
The relation of these variables and Mandelstam variables is
sij = Xi,j+1 +Xi+1,j −Xi,j −Xi+1,j+1. (6)
Each planar n-point tree φp diagrams have Dp propagators and there is a one-to-one corre-
spondence between this graph and a complete p-angulation of the n-gon with Dp diagonals.
Next, we introduce a planar scattering form for φp interactions. In the case of φ3, the
scattering form is determined uniquely by demanding the projectivity of the form. However,
there is no notion of projectivity for this general interactions, then we need to choose a subset
of graphs to determine a scattering form uniquely by its projectivity. This subset of graphs
is obtained from the Q-compatible set of the complete p-angulations. Then we can define a
planar scattering form for this subset.
Let g(Q(P )) denote tree graphs for φp interactions in the Q-compatible set with propaga-
tors Xia,ja for a = 1, · · · , Dp. Then a Q(P ) dependent planar scattering form ΩPn is defined
as
ΩPn =
∑
g(Q(P ))
sign(g(Q(P )))
Dp∧
a=1
d logXia,ja (7)
where signg(Q(P )) = ±1 and we sum over a dlog form for every planar graphs in the subset
P . The sign is determined as
signg(Q(P )) = −signg′(Q(P )) (8)
where g′ is a graph which obtained by the Q-flip of g. This rule make the form projective.
The important point is that anyQ-compatible set of graphs does not exhaust all the graphs
(or p-angulations). Then we need to sum all of these subsets with appropriate weight to obtain
the scattering amplitude. To do this, we introduce “a subset of primitive p-angulations”
{P1, . . . , PI}:
• no two p-angulation of this subset are related to each other by cyclic permutations σ
• all the other p-angulations are obtained by a cyclic permutations of p-angulation of this
subset.
Then the φp tree amplitude is given as
Mp,n =
∑
σ
∑
primitive P
αPp,nm
P,σ
p,n (9)
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where αPp,n is a weight and m
P,σ
p,n is the ratio part of the scattering form:
mPp,n =
 ∑
g(Q(P ))
1∏Dp
a=1Xia,ja
 (10)
We call this mPp,n as “Q(P )-compatible amplitude”.
Since the cyclic permutation of the primitive p-augulation does not change the relative
configuration of diagonals, the weights depend only on primitive p-angulation. In the next
section, we see how to embed the accordiohedron into the kinematic space and the relation
between the canonical form of this kinematic accordiohedron and the scattering form.
2.3 The kinematic accordiohedron
The kinematic accordiohedron ACPp,Dp is a Dp-dim polytope defined as the intersection of the
positive region:
∆n = {Xij ≥ 0 for all 1 ≤ i < j ≤ n} (11)
with a hyperplane defined as follows:
Hn = {Cij = −Xi,j+1 −Xi+1,j +Xi,j +Xi+1,j+1 for 1 ≤ i < j ≤ n− 1
dri,si = Xri,si s.t. (ri, si) is a complete triangulation}
(12)
where Ci,j and dri,si are positive constants. The dimension of this hyperplane is given as
d(Hn) =
(n− 2)(np− 2n− p)
2(p− 2) . (13)
It is easy to check that these dimensions are correct. First, the dimension of ∆n is n(n−3)/2.
Next, we consider the dimension of the hyperplane Hn. The number of the first line condition
in (12) is (n−3)(n−2)/2 as same as the associahedron case. When we p-angulate the n-point
polygon, this polygon decomposes into Dp + 1 p-gons. For each p-gon, we need to consider
the complete triangulation. The number of triangulation of the p-gon is p− 2 and there are
p− 3 diagonals. From this, the number of the second line conditions are
(Dp + 1)× (p− 3) = (n− 2)(p− 3)
p− 2 . (14)
Then the total number of the constraints of (12) is
(n− 2)(p− 3)
p− 2 +
(n− 3)(n− 2)
2
=
(n− 2)(np− 2n− p)
2(p− 2) . (15)
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This is the dimension of the hyperplane Hn. Finally, the dimension of the intersection
ACPp,Dp = ∆n ∩Hn is
n(n− 3)
2
− (n− 2)(np− 2n− p)
2(p− 2) =
n− p
p− 2 = Dp. (16)
Since the accordiohedron ACPp,Dp is a simple polytope, the canonical form is a sum over
its vertices. For each vertex Z, we denote its adjacent facets as Xia,ja = 0 for a = 1, . . . , Dp.
Then the canonical form of ACPp,Dp is written as
Ω(ACPp,Dp) =
∑
vertex Z
sign(Z)
Dp∧
a=1
d logXia,ja (17)
where sign(Z) is evaluated on the ordering of the facets. This canonical form (17) is equiva-
lently the pullback of the scattering form (7) to the subspace Hn. Then the ratio part of the
canonical form (canonical function) corresponds to the Q(P )-compatible amplitude. From
(9), the tree amplitude of φp theory is given as the weighted sum of these Q(P )-compatible
amplitudes. This means that the canonical form of the kinematic accordiohedron determines
the tree amplitude of φp theory. In the next section, we see explicitly how to obtain the
amplitudes from the kinematic accordiohedron with some examples.
2.4 Amplitudes from the accordiohedron
First we see the simplest example: p = 4, n = 6 case. In this case, there is only one primitive
4-angulation (quadrangulation) and all the others are obtained from the cyclic permutations.
We choose P = 14 as the reference quadrangulation, here ij denotes the diagonal. The
Q-compatible set of this reference quadrangulation is Q(14) = {(14,+), (36,−)}. We have
attached a sign which means the number of Q-flips needed to obtain it from the reference
p-angulation. Then the accordiohedron (stokes polytope) is a one-dimensional line as (a) in
Figure 1. Then the canonical form is given by
Ω14p=4,n=6 = (d lnX14 − d lnX36). (18)
This stokes polytope locates inside the kinematic space with the following constraints
sij = −Cij , for 1 ≤ i < j ≤ 5 with|i− j| ≥ 2
X13 = d13, X15 = d15,with d13, d15 > 0.
(19)
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From these constraints, we can see that the planar kinematic variables satisfy
X36 = −X14 +
∑
1≤a<3
4≤b<6
Cab ≥ 0
X25 = d15 − d13 + C14 + C13 ≥ 0.
(20)
Now we can pull back the canonical form as
Ω144,6 =
(
1
X14
+
1
X36
)
dX14 = m
14
4,6dX14. (21)
It is easy to calculate other primitive quadrangulations cases Q(25), Q(36). From (9), the
six-point amplitude is given as
Mp=4,n=6 = α
14
p=4,n=6(m
14
4,6 +m
25
4,6 +m
36
4,6) = 2α
14
4,6
(
1
X14
+
1
X36
+
1
X25
)
, (22)
where α144,6 is a weight and if we choose α
14
4,6 = 1/2, this corresponds to the six-point amplitude.
Let us consider the n = 8 case. In this case, there are two primitive quadrangulations
{P1, P2} and we take them to be {P1 = (14, 58), P2 = (14, 16)}. The Q-compatible set Q(P1)
is given by
Q(P1) = {(14, 58,+), (14, 47,−), (83, 58,−), (83, 47,+)}. (23)
Then the stokes polytope SP1 is a two dimensional square as (b) in Figure 1. Similarly, Q(P2)
is given by
Q(P2) = {(14, 16,+), (14, 58,−), (36, 16,−), (36, 83,+), (58, 83)}. (24)
We can see that the stokes polytope SP2 is a two-dimensional pentagon as (c) in Figure 1.
The constraints locating these stokes polytopes inside the kinematic space are given by
SP1 : sij = −Cij , for 1 ≤ i < j ≤ 7 with|i− j| ≥ 2
X13 = d13, X48 = d48, X57 = d57
SP2 : sij = −Cij , for 1 ≤ i < j ≤ 7 with|i− j| ≥ 2
X13 = d13, X46 = d46, X68 = d68.
(25)
8
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<latexit sha1_base64="N5OlmnSQcpwDenoxWdFMErKUXhU=">AAACaXichVG7SgNBFD1ZXzE+ErURbYJBsQp3RVCsRBtLk5gYiBJ210lcsy92NwEN +QErO1ErBRHxM2z8AYt8glgq2Fh4s1kQFfUOM3PmzD13zsyojqF7PlE7IvX09vUPRAdjQ8Mjo/HE2HjBs+uuJvKabdhuUVU8YeiWyPu6b4ii4wrFVA2xrdbWO/vbDeF6um1t+YeO2DWVqqVXdE3xmSoUy015sVVOpChNQSR/AjkEKYSxaSdusIM92NBQhwkBCz5jAwo8biXIIDjM7aLJnMtID/YFWoixts5ZgjM UZms8VnlVClmL152aXqDW+BSDu8vKJGbpkW7phR7ojp7o/ddazaBGx8shz2pXK5xy/Hgy9/avyuTZx/6n6k/PPipYDrzq7N0JmM4ttK6+cXT6klvJzjbn6Iqe2f8ltemeb2A1XrXrjMheIMYfIH9/7p+gsJCWKS1nFlOra+FXRDGNGczzey9hFRvYRJ7PPcAJznAeeZbGpElpqpsqRULNBL6ElPoA7reLxg==</l atexit><latexit sha1_base64="N5OlmnSQcpwDenoxWdFMErKUXhU=">AAACaXichVG7SgNBFD1ZXzE+ErURbYJBsQp3RVCsRBtLk5gYiBJ210lcsy92NwEN +QErO1ErBRHxM2z8AYt8glgq2Fh4s1kQFfUOM3PmzD13zsyojqF7PlE7IvX09vUPRAdjQ8Mjo/HE2HjBs+uuJvKabdhuUVU8YeiWyPu6b4ii4wrFVA2xrdbWO/vbDeF6um1t+YeO2DWVqqVXdE3xmSoUy015sVVOpChNQSR/AjkEKYSxaSdusIM92NBQhwkBCz5jAwo8biXIIDjM7aLJnMtID/YFWoixts5ZgjM UZms8VnlVClmL152aXqDW+BSDu8vKJGbpkW7phR7ojp7o/ddazaBGx8shz2pXK5xy/Hgy9/avyuTZx/6n6k/PPipYDrzq7N0JmM4ttK6+cXT6klvJzjbn6Iqe2f8ltemeb2A1XrXrjMheIMYfIH9/7p+gsJCWKS1nFlOra+FXRDGNGczzey9hFRvYRJ7PPcAJznAeeZbGpElpqpsqRULNBL6ElPoA7reLxg==</l atexit><latexit sha1_base64="N5OlmnSQcpwDenoxWdFMErKUXhU=">AAACaXichVG7SgNBFD1ZXzE+ErURbYJBsQp3RVCsRBtLk5gYiBJ210lcsy92NwEN +QErO1ErBRHxM2z8AYt8glgq2Fh4s1kQFfUOM3PmzD13zsyojqF7PlE7IvX09vUPRAdjQ8Mjo/HE2HjBs+uuJvKabdhuUVU8YeiWyPu6b4ii4wrFVA2xrdbWO/vbDeF6um1t+YeO2DWVqqVXdE3xmSoUy015sVVOpChNQSR/AjkEKYSxaSdusIM92NBQhwkBCz5jAwo8biXIIDjM7aLJnMtID/YFWoixts5ZgjM UZms8VnlVClmL152aXqDW+BSDu8vKJGbpkW7phR7ojp7o/ddazaBGx8shz2pXK5xy/Hgy9/avyuTZx/6n6k/PPipYDrzq7N0JmM4ttK6+cXT6klvJzjbn6Iqe2f8ltemeb2A1XrXrjMheIMYfIH9/7p+gsJCWKS1nFlOra+FXRDGNGczzey9hFRvYRJ7PPcAJznAeeZbGpElpqpsqRULNBL6ElPoA7reLxg==</l atexit><latexit sha1_base64="N5OlmnSQcpwDenoxWdFMErKUXhU=">AAACaXichVG7SgNBFD1ZXzE+ErURbYJBsQp3RVCsRBtLk5gYiBJ210lcsy92NwEN +QErO1ErBRHxM2z8AYt8glgq2Fh4s1kQFfUOM3PmzD13zsyojqF7PlE7IvX09vUPRAdjQ8Mjo/HE2HjBs+uuJvKabdhuUVU8YeiWyPu6b4ii4wrFVA2xrdbWO/vbDeF6um1t+YeO2DWVqqVXdE3xmSoUy015sVVOpChNQSR/AjkEKYSxaSdusIM92NBQhwkBCz5jAwo8biXIIDjM7aLJnMtID/YFWoixts5ZgjM UZms8VnlVClmL152aXqDW+BSDu8vKJGbpkW7phR7ojp7o/ddazaBGx8shz2pXK5xy/Hgy9/avyuTZx/6n6k/PPipYDrzq7N0JmM4ttK6+cXT6klvJzjbn6Iqe2f8ltemeb2A1XrXrjMheIMYfIH9/7p+gsJCWKS1nFlOra+FXRDGNGczzey9hFRvYRJ7PPcAJznAeeZbGpElpqpsqRULNBL6ElPoA7reLxg==</l atexit>
X36
<latexit sha1_base64="xv8yrNDqD0HJnYcDCsfmy31e6EY=">AAACaXichVHLSsNAFD2Nr1pfVTeiG7FUXJUbFRVXohuXfdgH1FKSOGo0TUKSFrT0 B1y5E3WlICJ+hht/wEU/QbpUcOPC2zQgKuodZubMmXvunJlRbUN3PaJmSOrq7untC/dHBgaHhkeio2M516o6mshqlmE5BVVxhaGbIuvpniEKtiOUimqIvHq40d7P14Tj6pa55R3ZolRR9kx9V9cUj6lcoVxfWGqUozFKkB/TP4EcgBiCSFrRW2xjBxY0VFGBgAmPsQEFLrciZBBs5kqoM+cw0v19gQYirK1yluA MhdlDHvd4VQxYk9ftmq6v1vgUg7vDymnE6Ynu6IUe6Z6e6f3XWnW/RtvLEc9qRyvs8sjJRObtX1WFZw/7n6o/PXvYxYrvVWfvts+0b6F19LXjs5fMajpen6VrarH/K2rSA9/ArL1qNymRvkSEP0D+/tw/QW4+IVNCTi3G1taDrwhjCjOY4/dexho2kUSWzz3AKc5xEWpJo9KENNlJlUKBZhxfQop9APa9i8o=</l atexit><latexit sha1_base64="xv8yrNDqD0HJnYcDCsfmy31e6EY=">AAACaXichVHLSsNAFD2Nr1pfVTeiG7FUXJUbFRVXohuXfdgH1FKSOGo0TUKSFrT0 B1y5E3WlICJ+hht/wEU/QbpUcOPC2zQgKuodZubMmXvunJlRbUN3PaJmSOrq7untC/dHBgaHhkeio2M516o6mshqlmE5BVVxhaGbIuvpniEKtiOUimqIvHq40d7P14Tj6pa55R3ZolRR9kx9V9cUj6lcoVxfWGqUozFKkB/TP4EcgBiCSFrRW2xjBxY0VFGBgAmPsQEFLrciZBBs5kqoM+cw0v19gQYirK1yluA MhdlDHvd4VQxYk9ftmq6v1vgUg7vDymnE6Ynu6IUe6Z6e6f3XWnW/RtvLEc9qRyvs8sjJRObtX1WFZw/7n6o/PXvYxYrvVWfvts+0b6F19LXjs5fMajpen6VrarH/K2rSA9/ArL1qNymRvkSEP0D+/tw/QW4+IVNCTi3G1taDrwhjCjOY4/dexho2kUSWzz3AKc5xEWpJo9KENNlJlUKBZhxfQop9APa9i8o=</l atexit><latexit sha1_base64="xv8yrNDqD0HJnYcDCsfmy31e6EY=">AAACaXichVHLSsNAFD2Nr1pfVTeiG7FUXJUbFRVXohuXfdgH1FKSOGo0TUKSFrT0 B1y5E3WlICJ+hht/wEU/QbpUcOPC2zQgKuodZubMmXvunJlRbUN3PaJmSOrq7untC/dHBgaHhkeio2M516o6mshqlmE5BVVxhaGbIuvpniEKtiOUimqIvHq40d7P14Tj6pa55R3ZolRR9kx9V9cUj6lcoVxfWGqUozFKkB/TP4EcgBiCSFrRW2xjBxY0VFGBgAmPsQEFLrciZBBs5kqoM+cw0v19gQYirK1yluA MhdlDHvd4VQxYk9ftmq6v1vgUg7vDymnE6Ynu6IUe6Z6e6f3XWnW/RtvLEc9qRyvs8sjJRObtX1WFZw/7n6o/PXvYxYrvVWfvts+0b6F19LXjs5fMajpen6VrarH/K2rSA9/ArL1qNymRvkSEP0D+/tw/QW4+IVNCTi3G1taDrwhjCjOY4/dexho2kUSWzz3AKc5xEWpJo9KENNlJlUKBZhxfQop9APa9i8o=</l atexit><latexit sha1_base64="xv8yrNDqD0HJnYcDCsfmy31e6EY=">AAACaXichVHLSsNAFD2Nr1pfVTeiG7FUXJUbFRVXohuXfdgH1FKSOGo0TUKSFrT0 B1y5E3WlICJ+hht/wEU/QbpUcOPC2zQgKuodZubMmXvunJlRbUN3PaJmSOrq7untC/dHBgaHhkeio2M516o6mshqlmE5BVVxhaGbIuvpniEKtiOUimqIvHq40d7P14Tj6pa55R3ZolRR9kx9V9cUj6lcoVxfWGqUozFKkB/TP4EcgBiCSFrRW2xjBxY0VFGBgAmPsQEFLrciZBBs5kqoM+cw0v19gQYirK1yluA MhdlDHvd4VQxYk9ftmq6v1vgUg7vDymnE6Ynu6IUe6Z6e6f3XWnW/RtvLEc9qRyvs8sjJRObtX1WFZw/7n6o/PXvYxYrvVWfvts+0b6F19LXjs5fMajpen6VrarH/K2rSA9/ArL1qNymRvkSEP0D+/tw/QW4+IVNCTi3G1taDrwhjCjOY4/dexho2kUSWzz3AKc5xEWpJo9KENNlJlUKBZhxfQop9APa9i8o=</l atexit>
X16
<latexit sha1_base64="SYezMsi/SaY88byUxLU8ivYG1po=">AAACaXichVHLSsNAFD2N7/qquhHdiKXiqtyIqLgS3bjswz6glpLEaY1Nk5CkBS3+ gCt3oq4URMTPcOMPuPATxGUFNy68TQOiRb3DzJw5c8+dMzOqbeiuR/Qcknp6+/oHBofCwyOjY+ORicmsa9UdTWQ0y7CcvKq4wtBNkfF0zxB52xFKTTVETq1utfdzDeG4umXueIe2KNaUiqmXdU3xmMrmS0155bgUiVKc/JjrBnIAoggiYUVusYs9WNBQRw0CJjzGBhS43AqQQbCZK6LJnMNI9/cFjhFmbZ2zBGc ozFZ5rPCqELAmr9s1XV+t8SkGd4eVc4jRE91Rix7pnl7o49daTb9G28shz2pHK+zS+Ml0+v1fVY1nD/tfqj89eyhjzfeqs3fbZ9q30Dr6xtFZK72eijUX6Jpe2f8VPdMD38BsvGk3SZG6RJg/QP753N0guxSXKS4nl6Mbm8FXDGIW81jk917FBraRQIbPPcApznERepUmpGlpppMqhQLNFL6FFP0E8rmLyA==</l atexit><latexit sha1_base64="SYezMsi/SaY88byUxLU8ivYG1po=">AAACaXichVHLSsNAFD2N7/qquhHdiKXiqtyIqLgS3bjswz6glpLEaY1Nk5CkBS3+ gCt3oq4URMTPcOMPuPATxGUFNy68TQOiRb3DzJw5c8+dMzOqbeiuR/Qcknp6+/oHBofCwyOjY+ORicmsa9UdTWQ0y7CcvKq4wtBNkfF0zxB52xFKTTVETq1utfdzDeG4umXueIe2KNaUiqmXdU3xmMrmS0155bgUiVKc/JjrBnIAoggiYUVusYs9WNBQRw0CJjzGBhS43AqQQbCZK6LJnMNI9/cFjhFmbZ2zBGc ozFZ5rPCqELAmr9s1XV+t8SkGd4eVc4jRE91Rix7pnl7o49daTb9G28shz2pHK+zS+Ml0+v1fVY1nD/tfqj89eyhjzfeqs3fbZ9q30Dr6xtFZK72eijUX6Jpe2f8VPdMD38BsvGk3SZG6RJg/QP753N0guxSXKS4nl6Mbm8FXDGIW81jk917FBraRQIbPPcApznERepUmpGlpppMqhQLNFL6FFP0E8rmLyA==</l atexit><latexit sha1_base64="SYezMsi/SaY88byUxLU8ivYG1po=">AAACaXichVHLSsNAFD2N7/qquhHdiKXiqtyIqLgS3bjswz6glpLEaY1Nk5CkBS3+ gCt3oq4URMTPcOMPuPATxGUFNy68TQOiRb3DzJw5c8+dMzOqbeiuR/Qcknp6+/oHBofCwyOjY+ORicmsa9UdTWQ0y7CcvKq4wtBNkfF0zxB52xFKTTVETq1utfdzDeG4umXueIe2KNaUiqmXdU3xmMrmS0155bgUiVKc/JjrBnIAoggiYUVusYs9WNBQRw0CJjzGBhS43AqQQbCZK6LJnMNI9/cFjhFmbZ2zBGc ozFZ5rPCqELAmr9s1XV+t8SkGd4eVc4jRE91Rix7pnl7o49daTb9G28shz2pHK+zS+Ml0+v1fVY1nD/tfqj89eyhjzfeqs3fbZ9q30Dr6xtFZK72eijUX6Jpe2f8VPdMD38BsvGk3SZG6RJg/QP753N0guxSXKS4nl6Mbm8FXDGIW81jk917FBraRQIbPPcApznERepUmpGlpppMqhQLNFL6FFP0E8rmLyA==</l atexit><latexit sha1_base64="SYezMsi/SaY88byUxLU8ivYG1po=">AAACaXichVHLSsNAFD2N7/qquhHdiKXiqtyIqLgS3bjswz6glpLEaY1Nk5CkBS3+ gCt3oq4URMTPcOMPuPATxGUFNy68TQOiRb3DzJw5c8+dMzOqbeiuR/Qcknp6+/oHBofCwyOjY+ORicmsa9UdTWQ0y7CcvKq4wtBNkfF0zxB52xFKTTVETq1utfdzDeG4umXueIe2KNaUiqmXdU3xmMrmS0155bgUiVKc/JjrBnIAoggiYUVusYs9WNBQRw0CJjzGBhS43AqQQbCZK6LJnMNI9/cFjhFmbZ2zBGc ozFZ5rPCqELAmr9s1XV+t8SkGd4eVc4jRE91Rix7pnl7o49daTb9G28shz2pHK+zS+Ml0+v1fVY1nD/tfqj89eyhjzfeqs3fbZ9q30Dr6xtFZK72eijUX6Jpe2f8VPdMD38BsvGk3SZG6RJg/QP753N0guxSXKS4nl6Mbm8FXDGIW81jk917FBraRQIbPPcApznERepUmpGlpppMqhQLNFL6FFP0E8rmLyA==</l atexit>
(a)
<latexit sha1_base64="8umtUCOGwLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poV UTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0Ipao aIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpg e7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnG G89CTNCZNSdPdVCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOGwLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poV UTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0Ipao aIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpg e7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnG G89CTNCZNSdPdVCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOGwLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poV UTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0Ipao aIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpg e7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnG G89CTNCZNSdPdVCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOGwLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poV UTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0Ipao aIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpg e7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnG G89CTNCZNSdPdVCkUaCbxJaTYB7XOikY=</latexit>
(b)
<latexit sha1_base64="ESRD9XnPTlaEk4D vgb2NDATfJSM=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0 yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6B waHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGL faqStnUS7qmeExlEurifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwem sw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/rdX0a 3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X 1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG8 9CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit><latexit sha1_base64="ESRD9XnPTlaEk4D vgb2NDATfJSM=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0 yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6B waHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGL faqStnUS7qmeExlEurifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwem sw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/rdX0a 3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X 1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG8 9CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit><latexit sha1_base64="ESRD9XnPTlaEk4D vgb2NDATfJSM=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0 yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6B waHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGL faqStnUS7qmeExlEurifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwem sw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/rdX0a 3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X 1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG8 9CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit><latexit sha1_base64="ESRD9XnPTlaEk4D vgb2NDATfJSM=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0 yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6B waHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGL faqStnUS7qmeExlEurifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwem sw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/rdX0a 3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X 1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG8 9CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit>
(c)
<latexit sha1_base64="WRcmyTvsAel4a1H1MFqXzGcmf6Y=">AAACZnichVHLSsNAFD 2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYT kFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEtrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJs hccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AX C/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7nQikg=</latexit><latexit sha1_base64="WRcmyTvsAel4a1H1MFqXzGcmf6Y=">AAACZnichVHLSsNAFD 2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYT kFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEtrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJs hccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AX C/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7nQikg=</latexit><latexit sha1_base64="WRcmyTvsAel4a1H1MFqXzGcmf6Y=">AAACZnichVHLSsNAFD 2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYT kFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEtrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJs hccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AX C/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7nQikg=</latexit><latexit sha1_base64="WRcmyTvsAel4a1H1MFqXzGcmf6Y=">AAACZnichVHLSsNAFD 2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYT kFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEtrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJs hccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AX C/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7nQikg=</latexit>
X14
<latexit sha1_base64="N5OlmnSQcpwDenoxWdFMErKUXhU=">AAACaXichVG7SgNBFD1ZXzE+ErURbYJBsQp3RVCsRBtLk5g YiBJ210lcsy92NwEN+QErO1ErBRHxM2z8AYt8glgq2Fh4s1kQFfUOM3PmzD13zsyojqF7PlE7IvX09vUPRAdjQ8Mjo/HE2HjBs+uuJvKabdhuUVU8YeiWyPu6b4ii4wrFVA2xrdbWO/vbDeF6um1t+YeO2DWVqqVXdE3xmSoUy015sVVOpChNQSR/AjkEKYSxaSd usIM92NBQhwkBCz5jAwo8biXIIDjM7aLJnMtID/YFWoixts5ZgjMUZms8VnlVClmL152aXqDW+BSDu8vKJGbpkW7phR7ojp7o/ddazaBGx8shz2pXK5xy/Hgy9/avyuTZx/6n6k/PPipYDrzq7N0JmM4ttK6+cXT6klvJzjbn6Iqe2f8ltemeb2A1XrXrjMheIMY fIH9/7p+gsJCWKS1nFlOra+FXRDGNGczzey9hFRvYRJ7PPcAJznAeeZbGpElpqpsqRULNBL6ElPoA7reLxg==</latexit><latexit sha1_base64="N5OlmnSQcpwDenoxWdFMErKUXhU=">AAACaXichVG7SgNBFD1ZXzE+ErURbYJBsQp3RVCsRBtLk5g YiBJ210lcsy92NwEN+QErO1ErBRHxM2z8AYt8glgq2Fh4s1kQFfUOM3PmzD13zsyojqF7PlE7IvX09vUPRAdjQ8Mjo/HE2HjBs+uuJvKabdhuUVU8YeiWyPu6b4ii4wrFVA2xrdbWO/vbDeF6um1t+YeO2DWVqqVXdE3xmSoUy015sVVOpChNQSR/AjkEKYSxaSd usIM92NBQhwkBCz5jAwo8biXIIDjM7aLJnMtID/YFWoixts5ZgjMUZms8VnlVClmL152aXqDW+BSDu8vKJGbpkW7phR7ojp7o/ddazaBGx8shz2pXK5xy/Hgy9/avyuTZx/6n6k/PPipYDrzq7N0JmM4ttK6+cXT6klvJzjbn6Iqe2f8ltemeb2A1XrXrjMheIMY fIH9/7p+gsJCWKS1nFlOra+FXRDGNGczzey9hFRvYRJ7PPcAJznAeeZbGpElpqpsqRULNBL6ElPoA7reLxg==</latexit><latexit sha1_base64="N5OlmnSQcpwDenoxWdFMErKUXhU=">AAACaXichVG7SgNBFD1ZXzE+ErURbYJBsQp3RVCsRBtLk5g YiBJ210lcsy92NwEN+QErO1ErBRHxM2z8AYt8glgq2Fh4s1kQFfUOM3PmzD13zsyojqF7PlE7IvX09vUPRAdjQ8Mjo/HE2HjBs+uuJvKabdhuUVU8YeiWyPu6b4ii4wrFVA2xrdbWO/vbDeF6um1t+YeO2DWVqqVXdE3xmSoUy015sVVOpChNQSR/AjkEKYSxaSd usIM92NBQhwkBCz5jAwo8biXIIDjM7aLJnMtID/YFWoixts5ZgjMUZms8VnlVClmL152aXqDW+BSDu8vKJGbpkW7phR7ojp7o/ddazaBGx8shz2pXK5xy/Hgy9/avyuTZx/6n6k/PPipYDrzq7N0JmM4ttK6+cXT6klvJzjbn6Iqe2f8ltemeb2A1XrXrjMheIMY fIH9/7p+gsJCWKS1nFlOra+FXRDGNGczzey9hFRvYRJ7PPcAJznAeeZbGpElpqpsqRULNBL6ElPoA7reLxg==</latexit><latexit sha1_base64="N5OlmnSQcpwDenoxWdFMErKUXhU=">AAACaXichVG7SgNBFD1ZXzE+ErURbYJBsQp3RVCsRBtLk5g YiBJ210lcsy92NwEN+QErO1ErBRHxM2z8AYt8glgq2Fh4s1kQFfUOM3PmzD13zsyojqF7PlE7IvX09vUPRAdjQ8Mjo/HE2HjBs+uuJvKabdhuUVU8YeiWyPu6b4ii4wrFVA2xrdbWO/vbDeF6um1t+YeO2DWVqqVXdE3xmSoUy015sVVOpChNQSR/AjkEKYSxaSd usIM92NBQhwkBCz5jAwo8biXIIDjM7aLJnMtID/YFWoixts5ZgjMUZms8VnlVClmL152aXqDW+BSDu8vKJGbpkW7phR7ojp7o/ddazaBGx8shz2pXK5xy/Hgy9/avyuTZx/6n6k/PPipYDrzq7N0JmM4ttK6+cXT6klvJzjbn6Iqe2f8ltemeb2A1XrXrjMheIMY fIH9/7p+gsJCWKS1nFlOra+FXRDGNGczzey9hFRvYRJ7PPcAJznAeeZbGpElpqpsqRULNBL6ElPoA7reLxg==</latexit> X36
<latexit sha1_base64="xv8yrNDqD0HJnYcDCsfmy31e6EY=">AAACaXichVHLSsNAFD2Nr1pfVTeiG7FUXJUbFRVXohuXfdg H1FKSOGo0TUKSFrT0B1y5E3WlICJ+hht/wEU/QbpUcOPC2zQgKuodZubMmXvunJlRbUN3PaJmSOrq7untC/dHBgaHhkeio2M516o6mshqlmE5BVVxhaGbIuvpniEKtiOUimqIvHq40d7P14Tj6pa55R3ZolRR9kx9V9cUj6lcoVxfWGqUozFKkB/TP4EcgBiCSFr RW2xjBxY0VFGBgAmPsQEFLrciZBBs5kqoM+cw0v19gQYirK1yluAMhdlDHvd4VQxYk9ftmq6v1vgUg7vDymnE6Ynu6IUe6Z6e6f3XWnW/RtvLEc9qRyvs8sjJRObtX1WFZw/7n6o/PXvYxYrvVWfvts+0b6F19LXjs5fMajpen6VrarH/K2rSA9/ArL1qNymRvkS EP0D+/tw/QW4+IVNCTi3G1taDrwhjCjOY4/dexho2kUSWzz3AKc5xEWpJo9KENNlJlUKBZhxfQop9APa9i8o=</latexit><latexit sha1_base64="xv8yrNDqD0HJnYcDCsfmy31e6EY=">AAACaXichVHLSsNAFD2Nr1pfVTeiG7FUXJUbFRVXohuXfdg H1FKSOGo0TUKSFrT0B1y5E3WlICJ+hht/wEU/QbpUcOPC2zQgKuodZubMmXvunJlRbUN3PaJmSOrq7untC/dHBgaHhkeio2M516o6mshqlmE5BVVxhaGbIuvpniEKtiOUimqIvHq40d7P14Tj6pa55R3ZolRR9kx9V9cUj6lcoVxfWGqUozFKkB/TP4EcgBiCSFr RW2xjBxY0VFGBgAmPsQEFLrciZBBs5kqoM+cw0v19gQYirK1yluAMhdlDHvd4VQxYk9ftmq6v1vgUg7vDymnE6Ynu6IUe6Z6e6f3XWnW/RtvLEc9qRyvs8sjJRObtX1WFZw/7n6o/PXvYxYrvVWfvts+0b6F19LXjs5fMajpen6VrarH/K2rSA9/ArL1qNymRvkS EP0D+/tw/QW4+IVNCTi3G1taDrwhjCjOY4/dexho2kUSWzz3AKc5xEWpJo9KENNlJlUKBZhxfQop9APa9i8o=</latexit><latexit sha1_base64="xv8yrNDqD0HJnYcDCsfmy31e6EY=">AAACaXichVHLSsNAFD2Nr1pfVTeiG7FUXJUbFRVXohuXfdg H1FKSOGo0TUKSFrT0B1y5E3WlICJ+hht/wEU/QbpUcOPC2zQgKuodZubMmXvunJlRbUN3PaJmSOrq7untC/dHBgaHhkeio2M516o6mshqlmE5BVVxhaGbIuvpniEKtiOUimqIvHq40d7P14Tj6pa55R3ZolRR9kx9V9cUj6lcoVxfWGqUozFKkB/TP4EcgBiCSFr RW2xjBxY0VFGBgAmPsQEFLrciZBBs5kqoM+cw0v19gQYirK1yluAMhdlDHvd4VQxYk9ftmq6v1vgUg7vDymnE6Ynu6IUe6Z6e6f3XWnW/RtvLEc9qRyvs8sjJRObtX1WFZw/7n6o/PXvYxYrvVWfvts+0b6F19LXjs5fMajpen6VrarH/K2rSA9/ArL1qNymRvkS EP0D+/tw/QW4+IVNCTi3G1taDrwhjCjOY4/dexho2kUSWzz3AKc5xEWpJo9KENNlJlUKBZhxfQop9APa9i8o=</latexit><latexit sha1_base64="xv8yrNDqD0HJnYcDCsfmy31e6EY=">AAACaXichVHLSsNAFD2Nr1pfVTeiG7FUXJUbFRVXohuXfdg H1FKSOGo0TUKSFrT0B1y5E3WlICJ+hht/wEU/QbpUcOPC2zQgKuodZubMmXvunJlRbUN3PaJmSOrq7untC/dHBgaHhkeio2M516o6mshqlmE5BVVxhaGbIuvpniEKtiOUimqIvHq40d7P14Tj6pa55R3ZolRR9kx9V9cUj6lcoVxfWGqUozFKkB/TP4EcgBiCSFr RW2xjBxY0VFGBgAmPsQEFLrciZBBs5kqoM+cw0v19gQYirK1yluAMhdlDHvd4VQxYk9ftmq6v1vgUg7vDymnE6Ynu6IUe6Z6e6f3XWnW/RtvLEc9qRyvs8sjJRObtX1WFZw/7n6o/PXvYxYrvVWfvts+0b6F19LXjs5fMajpen6VrarH/K2rSA9/ArL1qNymRvkS EP0D+/tw/QW4+IVNCTi3G1taDrwhjCjOY4/dexho2kUSWzz3AKc5xEWpJo9KENNlJlUKBZhxfQop9APa9i8o=</latexit>
Figure 1: Stokes polytopes.
From these constraints, the canonical forms become as
ΩP1p=4,n=8 =
(
1
X14X58
+
1
X38X47
+
1
X14X47
+
1
X38X58
)
d lnX14 ∧ d lnX58
= mP14,8d lnX14 ∧ d lnX58
ΩP24,8 =
(
1
X14X16
+
1
X14X58
+
1
X36X16
+
1
X36X83
+
1
X58X83
)
d lnX14 ∧ d lnX16
= mP24,8d lnX14 ∧ d lnX16.
(26)
From (9), the 8-point amplitude is given as
Mp=4,n=8 = α
P1
4,8
(
mP14,8 + cyclic
)
+ αP24,8
(
mP24,8 + cyclic
)
. (27)
If we choose these weights as αP14,8 =
1
3 , α
P2
4,8 =
1
6 , this corresponds to the 8-point amplitude.
Similarly we can calculate the amplitudes from the accordiohedron for general p case. For
9
(a)
<latexit sha1_base64="8umtUCOG wLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNu RFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48D YNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiay mmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7 qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyC zdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD 3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+ V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+ f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPd VCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOG wLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNu RFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48D YNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiay mmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7 qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyC zdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD 3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+ V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+ f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPd VCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOG wLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNu RFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48D YNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiay mmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7 qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyC zdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD 3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+ V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+ f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPd VCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOG wLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNu RFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48D YNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiay mmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7 qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyC zdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD 3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+ V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+ f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPd VCkUaCbxJaTYB7XOikY=</latexit>
(b)
<latexit sha1_base64="ESRD9XnPTlaEk4Dvgb2NDATfJSM=">AAA CZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dm VNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEuri fjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SL bXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/A Hy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit><latexit sha1_base64="ESRD9XnPTlaEk4Dvgb2NDATfJSM=">AAA CZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dm VNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEuri fjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SL bXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/A Hy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit><latexit sha1_base64="ESRD9XnPTlaEk4Dvgb2NDATfJSM=">AAA CZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dm VNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEuri fjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SL bXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/A Hy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit><latexit sha1_base64="ESRD9XnPTlaEk4Dvgb2NDATfJSM=">AAA CZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dm VNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEuri fjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SL bXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/A Hy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit>
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Figure 2: p = 5, n = 11 accordiohedra.
example, we consider p = 5, n = 11 case. There are two Q-compatible sets Q5(P1), Q5(P2):
Q5(P1) = {(15, 711), (411, 711), (15, 610), (411, 610)}
Q5(P2) = {(15, 18), (18, 48), (15, 711), (411, 711), (411, 48)}.
(28)
The constraints are given as
Q5(P1) : sij = −Cij , for 1 ≤ i < j ≤ 10 with |i− j| ≥ 2
X13 = d13, X35 = d35, X17 = d17, X57 = d57, X810 = d810, X710 = d710.
Q5(P2) : sij = −Cij , for 1 ≤ i < j ≤ 10 with |i− j| ≥ 2
X13 = d13, X35 = d35, X16 = d16, X68 = d68, X810 = d810, X110 = d110.
(29)
The shape of the accordiohedra for each Q-compatible set are given in Figure 2. The canonical
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forms for each accordiohedron are
ΩP1p=5,n=11 =
(
1
X15X610
+
1
X411X610
+
1
X15X711
+
1
X411X711
)
d lnX15 ∧ d lnX610
= mP15,11d lnX15 ∧ d lnX610
ΩP25,11 =
(
1
X15X18
+
1
X18X48
+
1
X15X711
+
1
X411X711
+
1
X48X411
)
d lnX15 ∧ d lnX18
= mP25,11d lnX15 ∧ d lnX18.
(30)
From (9), the 11-point amplitude is given as
Mp=5,n=11 = α
P1
5,11
(
mP15,11 + cyclic
)
+ αP25,11
(
mP25,11 + cyclic
)
. (31)
If we choose these weights as αP15,11 =
3
11 , α
P2
5,11 =
2
11 , this corresponds to the 11-point ampli-
tude.
The important point is that to obtain the amplitudes, we need to choose the appropriate
weights. In the next section, we see that these weights are determined by the factorization
property of the accordiohedron.
3 Weights from the factorization
In this section, we see that the weights can be obtained from the factorization property of
the accordiohedron. In the planar N = 4 SYM, it is known that the geometric factorization
of the amplituhedron implies physical factorization of scattering amplitudes [5]. This fact
also holds for associahedron [12], stokes polytope [13], and accordiohedron [1]. First, we
briefly review this factorization property of the accordiohedron. Then we see some explicit
calculations of the weights.
3.1 Factorization
For any diagonal (ij), we consider all primitive p-angulation P which contains (ij) and the
kinematic accordiohedron ACPp,n. The facet Xij = 0 of this accordiohedron is given as a
product of lower dimensional accordiohedra
ACPp,n|Xij=0 = ACP1p,m ×ACP2p,n+2−m, (32)
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where P1 is the p-angulation of the polygon {i, i+ 1, . . . , j} and P2 is the p-angulation {j, j+
1, . . . , n, 1, . . . , i}. These p-angulation satisfy P1 ∪ P2 ∪ (ij) = P .
Next we see that this geometric factorization implies physical factorization of scattering
amplitudes. The canonical form of the positive geometry satisfies the following property:
1. For any hyper-surface H containing a boundary B of A, the residue along H is given
by
ResHΩ(A) = Ω(B). (33)
2. For any pair of positive geometries A and B, we have
Ω(A× B) = Ω(A) ∧ Ω(B). (34)
By using these facts, we can see that
ResXij=0Ω(ACPp,n) = Ω(ACP1p,m) ∧ Ω(ACP2p,n+2−m). (35)
This factorization property implies physical factorization of amplitudes. The diagonal (ij) di-
vides the n-gon into two polygons {i, i+1, . . . , j} and {j, j+1, . . . , n, 1, . . . , i}. By considering
the kinematic accordiohedron associated to these polygons, we can obtain two sub-amplitudes
{M|j−i+1|,Mn+2−(|j−i+1|)} = {ML,MR}. Then (35) implies that
Mn|Xij=0 = ML
1
Xij
MR. (36)
This is physical factorization of the amplitudes.
3.2 Determination of the weights
In this section, we see that the weights can be determined from the factorization property of
the accordiohedron. From (32) and (35), the weights are constrained as∑
P∈(ij)
αP =
∑
PL,PR
αPLαPR (37)
The left hand side involves sum over all accordiohedra ACPp,n for which P ∈ (ij) and the right
hand side involves sum over PL and PR which range over all the p-angulations of the two
polygons {i, i+ 1, . . . , j} and {j, j + 1, . . . , n, 1, . . . , i} respectively.
In addition to this, we can further constraint the weights from the factorization. By
choosing the diagonal (kl) ∈ {i, i+ 1, . . . , j}, the polygon {i, i+ 1, . . . , j} is divided into two
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polygons {k, k + 1, . . . , l} and {l, l + 1, . . . , i, j, . . . , k}. By repeating same procedure of the
before section, we obtain that
Mi,i+1,...,j |Xkl=0 = ML2
1
Xkl
MR2 . (38)
where ML2 and MR2 are sub-amplitudes {ML2 ,MR2} = {M|l−k+1|,Mi+j+1−|l−k+1|}. From
(36) and (38), we obtain that
Mn|Xij=0,Xkl=0 = ML2
1
Xkl
MR2
1
Xij
MR. (39)
Then the weights satisfy ∑
P∈(ij),(kl)
αP =
∑
PL2 ,PR2 ,PR
αPL2αPR2αPR . (40)
The left hand side involves sum over all accordiohedra ACPp,n for which P ∈ (ij), (kl) and the
right hand side involves sum over PL2 , PR2 and PR which range over all the p-angulations
of the three polygons {k, k + 1, . . . , l}, {l, l + 1, . . . , i, j, . . . , k} and {j, j + 1, . . . , n, 1, . . . , i}
respectively. Continuing this procedure, we can obtain
Mn|Xi1j1 ,Xi2j2 ,...,Xik,jk=0 = MLk
1
Xikjk
MRk
1
Xik−1jk−1
MRk−1 · · ·MR2
1
Xi1j1
MR1 , (41)
and ∑
P∈(i1j1),(i2j2),...,(ikjk)
αP =
∑
PLk ,PRk ,...PR1
αPLkαPRk · · ·αPR1 . (42)
If the diagonals (i1j1), (i2j2), . . . , (ikjk) make the complete p-angulation, the all weights of
the right hand side are 1. In this case, the constraints become simple as∑
P∈(i1j1),(i2j2),...,(ikjk)
αP = 1. (43)
Since the complete p-angulation (i1j1), (i2j2), . . . , (ikjk) is the vertex of the accordiohedron,
the equation (43) becomes
∑
P∈(i1j1),(i2j2),...,(ikjk)
αP =
k∑
i=1
niPα
i
P = 1 (44)
where niP is number of times the complete p-angulation (i1j1), (i2j2), . . . , (ikjk) appears in
the vertices of all accordiohedra. We can consider this for each primitive p-angulation. This
equation is corresponding to the formula of the weights which obtained in [13, 1] by demanding
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that in the sum of all canonical forms, the residue of each pole is unit. The derivation of this
condition relied on the form of scattering amplitudes. However, here we derive this formula
from the factorization property of the accordiohedron.
By using these constrants, we can determine the weights uniquely. Let us consider p = 4
case. In the most simple n = 4 case, the weight is trivial α4,4 = 1. Next we consider n = 6
case. There is only way to divide the hexagon {1, 2, . . . , 6} into two squares and both these
have trivial weights, then (42) gives
2α4,6 = 1
α4,6 =
1
2
.
(45)
In the n = 8 case, we choose the diagonals {(47), (38)} and {(38), (36)}. Then the equation
(42) gives two constraints
2αP14,8 + 3α
P2
4,8 = 1
αP14,8 + 4α
P2
4,8 = 1.
(46)
From this, we obtain the correct weights αP14,8 =
1
3 , α
P2
4,8 =
1
6 . If we choose another diagonals,
the result does not change. For example if we choose the diagonals {(38)} and {(14), (58)},
(42) gives
2αP14,8 + 5α
P2
4,8 =
3
2
2αP14,8 + 2α
P2
4,8 = 1.
(47)
These give the same weights. Finally we consider n = 10 case. We choose the diagonals
{(14), (510)}, {(14), (69)}, {(14), (49)}, {(14), (58)}, {(14), (510), (69)}, {(14), (49), (69)},
{(14), (510), (58)}. Then the equation (42) gives
2αP1 + 2αP2 + αP3 + αP4 + 2αP5 + 3αP6 + 3αP7 =
3
2
2αP1 + 4αP2 + 3αP3 + 3αP4 + 2αP5 + 2αP6 + 2αP7 =
3
2
αP1 + 5αP2 + 3αP3 + 2αP4 + 3αP5 + 3αP6 + 2αP7 =
3
2
αP1 + 3αP2 + αP3 + αP4 + 4αP5 + 3αP6 + 3αP7 =
3
2
2αP1 + αP3 + αP4 + 2αP6 + 2αP7 = 1
αP1 + 4αP2 + 3αP3 + 2αP4 + 2αP5 + 2αP6 = 1
αP1 + 2αP2 + αP4 + 2αP5 + 2αP6 + 2αP7 = 1,
(48)
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where αPi = αPi4,10. From these equations, we can obtain
αP1 =
5
24
, αP2 =
1
24
, αP3 =
1
24
, αP4 =
1
24
, αP5 =
1
12
, αP6 =
1
8
, αP7 =
1
8
. (49)
These are the correct weights.
We can similarly calculate the weights of the general p case from the factorization. Let
us consider p = 5, n = 11 case, we choose the diagonals {(15)} and {(15), (711)}, (42) gives
4αP15,11 + 5α
P2
5,11 = 2
3αP15,11 + α
P2
5,11 = 1.
(50)
From this, we obtain the correct weights αP15,11 =
3
11 , α
P2
5,11 =
2
11 .
4 “BCFW”-like recursion relation
4.1 General setups
The BCFW-like recursion relation for φp amplitudes can be obtained similarly as φ3 case.
The important point is that in the general φp cases, the recursion relation can be defined
only for each Q-compatible set of graphs. We choose the Q-compatible set Q(P ) which is
obtained from a reference p-angulation P and consider the Dp basis XAi . Here we construct
the recursion relation for this Q-compatible set of graphs explicitly from a one-parameter
deformation for this basis:
XAi → XˆAi := zXAi , for i = 1, 2, · · · , Dp, (51)
where we do not change the constant Cij . Following the same logic as the case of φ
3, we
consider the contour integral:
mPp,n(X,C) =
∮
|z−1|=
zDpdz
z − 1 m
P
p,n(Xˆ, C). (52)
Then the amplitude is given by the residue at z = 1. From Cauchy theorem, this integral
becomes as
mPp,n(X,C) = −
Resz=∞ + ∑
finite poles
Resz=z∗
 zDpdz
z − 1 m
P
p,n(Xˆ, C). (53)
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Because of a zDp , the function
zDp
z−1m
P
p,n(zX,C) doesn’t have a pole at z = 0. We can see that
this function has no pole at infinity. We will see this in the later of this section.
Then we consider the residues at each finite pole zi = 0. These zi are solutions of
XˆBi(z) = 0 for planar variables XBi that depend on basis variables XAi . Here we write the
planar variables XBi as
XBi = CBi +
Dp∑
j=1
λi,jXAi , (54)
where λi,j are real numbers and CBi is a linear combination of constants C and unshifted
planar variables. The amplitude factorize at each physical pole as
lim
XˆBi→0
mPp,n(zX,C) =
1
XˆBi
mPLa,··· ,b−1,I(zBiX,C)×mPRI,b,··· ,a−1(zBiX,C), (55)
where PL ∪ PR ∪Bi = P . Then the residue becomes as
ResXˆBi
zDp
z − 1m
P
p,n(zX,C) =
z
Dp
i∑Dp
j=1 λi,jXAi(zi − 1)
mPLa,··· ,b−1,I(zBiX,C)×mPRI,b,··· ,a−1(zBiX,C).
(56)
By using XˆBi(z) = 0, the denominator becomes as
Dp∑
j=1
λi,jXAi(zi − 1) = −XBi . (57)
Then we can obtain the recursion relation formula
mPp,n(X,C) =
∑
Bi
z
Dp
i
XBi
mPLa,··· ,b−1,I(zBiX,C)×mPRI,b,··· ,a−1(zBiX,C) (58)
where Bi runs over all the shifted planar variables. This is the BCFW-like recursion relation
for the Q-compatible set of the amplitudes. For each Q-compatible set, we can apply this
recursion relation. To obtain the amplitude, we need to sum over all primitive p-angulation
and all cyclic permutation with the weight as (9).
Next, we prove that there is no pole at infinity. We consider the behavior of function
zDp
z−1m
P
p,n(zX,C) at z → ∞. The canonical function mPp,n(X,C) of the accordiohedron have
the form
mPp,n(X,C) =
∑
vertices
1∏Dp X . (59)
Since the dimension of the accordiohedron is Dp, there are no planar variables that are linear
independent with basis variables. Then the canonical function has only terms of O
(
1
zDp
)
.
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Then at z →∞,
lim
z→∞m
P
p,n(X,C) ∼
1
zDp
mPp,n(X, 0). (60)
When we fix i and set Dp Cij = 0, the canonical function of the accordiohedron vanishes.
Geometrically it means that the accordiohedron shrinks to the origin. Then we nave
mPp,n(zX, 0)→ 0. (61)
This is called “soft condition”. In [4], this condition is proved for general ABHY polytopes.
Then the function z
Dp
z−1m
P
p,n(zX,C) has no pole at z →∞.
The absence of the pole at infinity is related to the interesting properties of amplitudes.
For example, in Yang-Mills theory, this fact is explained from the “dual conformal symmetry”.
In this φp case, the Q-compatible sets of amplitudes have this property. It is thus interesting
to see an analog of this hidden symmetry for each Q-compatible set of amplitudes, not all
amplitudes.
We see some examples of this recursion relation for p = 4, 5, 6 cases.
4.2 Explicit calculations
p = 4,n = 6
We choose P = (36) as the primitive quadrangulation and X36 as the basis. Other
variables are given as
X14 = −X36 + C14 + C24 + C15 + C25,
X25 = d15 + C14 − d13 + C13.
(62)
And the only term m36L345I ×m36RI612 is the residues at the pole Xˆ14 := C14 +C24 +C15 +C25 −
z14X36 = 0. Then
z14 =
C14 + C24 + C15 + C25
X36
. (63)
Since four-point amplitudes m
36L,R
4 = ±1, we can obtain the Q(36)-compatible amplitude:
m36p=4,6 =
z14
X14
=
(C14 + C24 + C15 + C25)
X36X14
=
1
X14
+
1
X36
. (64)
If we choose X14 as the basis, we can see this gives the same result. Similarly, we can compute
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for other primitive quadrangulations from the cyclic permutations. The results are given as
m254,6 =
1
X25
+
1
X14
m144,6 =
1
X36
+
1
X25
.
(65)
Sum of these terms with appropriate weight corresponds to the six-point amplitude,
M4,6 = α
14
4,6(m
36
4,6 +m
25
4,6 +m
14
4,6). (66)
p = 4,n = 8
Next, we obtain the eight-point amplitude from six-point amplitudes. We have seen in
the section 2.4 that there are two primitive P1, P2. First, we choose P1 = (14, 58) as the
primitive quadrangulation, then the Q-compatible set is given as (23). If we choose X14, X58
as the basis, we need to consider the diagram A and sum over residues at Xˆ38 = 0, Xˆ47 = 0.
They correspond to the factorizations:
Xˆ38 = 0 : m
P1L
34567I ×mP1RI812, Xˆ47 = 0 : mP1L456I ×mP1RI78123. (67)
From the results of the four-point and six-point amplitude, we have:
mP1RI812 = 1, m
P1L
34567I =
1
Xˆ58(z38)
+
1
Xˆ47(z38)
mP1L456I = 1, m
P1R
I78123 =
1
Xˆ14(z47)
+
1
Xˆ38(z47)
.
(68)
This gives the result for Q(P1)-compatible amplitude:
mP14,8 =
z238
X38
(
1
Xˆ58(z38)
+
1
Xˆ47(z38)
)
+
z247
X47
(
1
Xˆ14(z47)
+
1
Xˆ38(z47)
)
=
A238
X38X14
(
1
X58A38
+
1
(A47X14 −A38X58)
)
+
A247
X47X58
(
1
X14A47
+
1
(A38X58 −A47X14)
)
(69)
where A38, A47 are given as
A38 =
7∑
i=4
(C1i + C2i), A47 = d57 + d48 + C47. (70)
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From the straightforward calculation, we can see that
mP14,8 =
1
X14X47
+
1
X38X47
+
1
X14X58
+
1
X38X58
. (71)
Next, we consider the P2 = (14, 16) and the Q(P2)-compatible set is given as (24). We choose
X14, X16 as the basis. We need to sum over residues at Xˆ58 = 0, Xˆ38 = 0, Xˆ36 = 0. Each
residue is given as
Xˆ58 = 0 : m
P2L
567I ×mP2RI81234 =
A58A38
X14(A38X16 −A58X14)(A58 −X16) ,
Xˆ38 = 0 : m
P2L
34567I ×mP2RI812 =
A36A
2
38
(X14 −A38)(A38X16 −A58X14)(A36X14 −A38X14 +A38X16) ,
Xˆ36 = 0 : m
P2L
345I ×mP2RI67812 =
(A36 −A58)(A36 +A38 −A58)
X16(A36 +A38 −A58 −X14 +X16)(A36X14 −A38X14 +A38X16)
(72)
where A58, A36 are given as
A58 =
∑
1≤a<5
6≤b<8
Cab, A36 =
∑
3≤a<5
6≤b<8
Cab. (73)
We can see that
mP24,8 =
1
X14X16
+
1
X14X58
+
1
X36X16
+
1
X36X83
+
1
X58X83
. (74)
From these results, we can obtain the eight-point amplitude
M4,8 = α
P1
4,8m
P1
4,8 + α
P2
4,8m
P2
4,8 + cyclic (75)
where αP14,8 =
1
3 and α
P2
4,8 =
1
6 . These weights are obtained from the factorization.
p = 4,n = 10
In this case, there are 7 primitive {P1, P2, . . . , P7}. For each Pi, we need to apply the
recursion relation to obtain the 10-point amplitude. First we consider P1 = (14, 510, 69), the
Q-compatible set is given as
Q(P1) = {(14, 510, 69,+), (310, 510, 69,−), (14, 49, 69−), (14, 510, 58,−),
(14, 49, 58,+), (310, 510, 58,+), (310, 49, 69,+), (310, 49, 58,−).
(76)
Once we choose X14, X510, X69 as the basis, we need to sum over residues at Xˆ310 = 0, Xˆ49 =
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0, Xˆ58 = 0. We can check that these residues correspond to the canonical functions which
are obtained from the triangulation of the three-dimensional stokes polytope. Here we see
the one example: the residue of Xˆ310 = 0. The shift parameter is given as
Xˆ310 = z310X14 +
∑
1≤a<3
4≤b<10
Cab = 0 → z310 =
∑
1≤a<3
4≤b<10
Cab/X14 (77)
This residue corresponds to the factorization:
mP1L3456789I ×mP1RI1012. (78)
By using the eight point result,
z3310
X310
mP13456789I ×mP1I1012
=
A3310
X310X314
(
1
Xˆ510Xˆ58
+
1
Xˆ49Xˆ58
+
1
Xˆ510Xˆ69
+
1
Xˆ49Xˆ69
)
=
A310A49A58X14
X310X510(A49X14 −A310X510)X69(A58X14 −A310X69)
(79)
where
A310 =
∑
1≤a<3
4≤b<10
Cab, A58 = d68 + d59 + C59, A49 = d59 + d410 + C410. (80)
The explicit representation and the derivation of it are given in the appendix.
p = 5,n = 8
In this case, there is one primitive p-angulation and we choose it as P = (15). Once we
choose X15 as the basis, then X48 is given as
X48 =
3∑
i=1
(Ci5 + Ci6 + Ci7). (81)
The only term mPL1234I ×mPRI5678 is the residues at the pole Xˆ48 = 0. As same as the case of
φ4, we can obtain the Q(15)-compatible amplitude:
m15p=5,n=8 =
z48
X48
=
1
X15
+
1
X48
, (82)
where z48 =
∑3
i=1(Ci5 + Ci6 + Ci7)/X15. The eight-point amplitude is given as the sum of
all cyclic permutations of (82).
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p = 5,n = 11
There are two primitive p-angulations P1 = (15, 711), P2 = (15, 18) and two Q-compatible sets
are given as (28). First we consider P1 and we choose X15, X711 as the basis. We need to sum
over residues at Xˆ411 = 0, Xˆ610 = 0. The residues at the pole Xˆ411 = 0 is m
P1L
45678910I×mP1RI11123
and at the pole Xˆ610 = 0 is m
P1L
6789I ×mP1RI101112345. These residues are given as
Xˆ411 = 0 :
z2411
X411
(
1
Xˆ117(z411)
+
1
Xˆ610(z411)
)
=
A2411
X411X15
(
1
A411X117
+
1
(A610X15 −A411X711)
)
Xˆ610 = 0 :
z2610
X610
(
1
Xˆ15(z610)
+
1
Xˆ411(z610)
)
=
A2610
X711X610
(
1
A610X15
+
1
(A411X711 −A610X15)
)
,
(83)
where A411, A610 are given as
A411 =
∑
1≤a<4
5≤b<11
Cab, A610 =
∑
1≤a<6
7≤b<11
Cab + C610 − d17 + d710.
(84)
Then the Q(P1)-compatible amplitude m
P1
p=5,n=11 is given as a sum of these two residues and
from the straightforward calculation, we can see that
mP15,11 =
1
X15X610
+
1
X411X610
+
1
X15X711
+
1
X411X711
. (85)
Similarly we can compute the P2 case. We choose X15, X18 as the basis. There are three
residues at poles Xˆ48 = 0, Xˆ411 = 0, Xˆ711 = 0. These residues are given as
Xˆ48 = 0 :
z248
X48
(
1
Xˆ18(z48)
+
1
Xˆ411(z48)
)
=
A48(A48 −A411)
X18X48(A48X15 +A411X18 −A411X18)
Xˆ411 = 0 :
z2411
X411
(
1
Xˆ48(z411)
+
1
Xˆ711(z411)
)
=
A2411(A711 +A48 −A411)
(A711X15 −A411X18)(A48X15 +A411X18 −A411X15)X411
Xˆ711 = 0 :
z2711
X711
(
1
Xˆ15(z711)
+
1
Xˆ411(z711)
)
=
A411A711
X15X711(A411X18 −A711X15) ,
(86)
where A48, A711 are given as
A48 =
∑
1≤a<4
5≤b<8
Cab, A711 =
∑
1≤a<7
8≤b<11
Cab.
(87)
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The Q(P2)-compatible amplitude m
P2
p=5,n=11 is
mP25,11 =
1
X15X18
+
1
X18X48
+
1
X15X711
+
1
X411X711
+
1
X48X411
. (88)
Then the 10-point amplitude is given as a sum of these two compatible amplitudes with
weights.
p = 6,n = 14
There are three primitive p-angulations P1 = (16, 914), P2 = (16, 110), P3 = (16, 813) and
three Q-compatible sets are given as
Q6(P1) = {(16, 914), (514, 914), (16, 813), (514, 813)}
Q6(P2) = {(16, 813), (514, 813), (16, 712), (514, 712)}
Q6(P3) = {(16, 110), (16, 914), (110, 510), (510, 514), (514, 914)}.
(89)
Even in this p = 6 case, we can compute each residue as same as lower p case. Here we
consider only P1 case. There are two residues at Xˆ514 = 0, Xˆ813 = 0. These residues are
given as
Xˆ514 = 0 : m
P1L
5678910111213I ×mP1RI141234 =
(
1
Xˆ914(z514)
+
1
Xˆ813(z514)
)
,
Xˆ813 = 0 : m
P1L
89101112I ×mP1RI13141234567 =
(
1
Xˆ16(z813)
+
1
Xˆ514(z813)
)
.
(90)
Then the Q6(P1)-compatible amplitude is
mP15,11 =
z2514
X514
(
1
Xˆ914(z514)
+
1
Xˆ813(z514)
)
+
z2813
X813
(
1
Xˆ16(z813)
+
1
Xˆ514(z813)
)
=
A2514
X514X16
(
1
A514X914
+
1
A813X16 −A514X914
)
+
A2813
X813X914
(
1
A914X16
+
1
A514X914 −A813X16
)
=
1
X16X914
+
1
X514X914
+
1
X16X813
+
1
X514X813
(91)
where
A514 =
∑
1≤a<5
6≤b<14
Cab, A813 = d814 + d913 + C813. (92)
There is no difficulty to compute other compatible amplitudes.
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4.3 Recursion from the triangulation
In this section, we interpret the results of the recursion relation as triangulations of accor-
diohedra. We see some examples for p = 4, 5, 6 cases and obtain the general n-point formula.
p = 4,n = 8
Here we consider the eight-point case. We have seen in section 2.4 that there are two
stokes polytopes from primitive quadrangulations {P1, P2}. One is a two dimensional square
SP1 and the other is a two-dimensional pentagon SP2 . First, we consider the triangulation of
the SP1 . The constraints defining it inside the kinematic space are given in (25). To consider
the triangulation, we use the coordinate for vertices of the stokes polytope. Once we choose
a basis, the coordinates of any vertex can be obtained by solving Dp linear equations of the
form Xa,b = 0. We choose the basis as {X14, X58} and let us denote the vertices
{X58, X14}, {X38, X58}, {X38, X47}, {X47, X14} → ZP1∗ ,ZP11 ,ZP12 ,ZP13 . (93)
For example, a vertex ZP12 can be obtained by solving
−X14 +
∑
1≤a<3
1≤b<8
Cab = 0, −X58 + d57 + d48 + C47 = 0.
(94)
These equations give ZP12 = (
∑
1≤a<3
1≤b<8
Cab, d57 + d48 + C47). The direct computation gives
ZP1∗ = (0, 0), ZP11 = (
∑
1≤a<3
1≤b<8
Cab, 0),
ZP12 = (
∑
1≤a<3
1≤b<8
Cab, d57 + d48 + C47), ZP13 = (0, d57 + d48 + C47).
(95)
Then we introduce affine coordinate, Z := (1,Z) and Y = (1,X), where X denotes the basis.
We triangulate SP1 into two triangles as (a) in Figure 3. The canonical function of a simplex
of dimension (n− 4)/2 is given as
[Z0, Z1, . . . , Zn−4
2
]P :=
〈Z0Z1 · · ·Zn−4
2
〉
n−4
2
P∏n−4
2
i=0 〈Y Z0Z1 · · · Zˆi · · ·Zn−4
2
〉P
, (96)
where Zˆi means the omission of Zi. We use the notation
〈Z0Z1 · · ·Zi〉P := IJ ···K
(
ZP0
)I (
ZP1
)J · · · (ZPi )K . (97)
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Figure 3: Triangulation of p = 4, n = 8 stokes polytopes.
From this formula, the canonical function of the SP1 is given as
[Z∗, Z1, Z2]P1 + [Z∗, Z2, Z3]P1
=
〈Z∗Z1Z2〉2P1
〈Y Z∗Z1〉P1〈Y Z∗Z2〉P1〈Y Z1Z2〉P1
+
〈Z∗Z2Z3〉2P1
〈Y Z∗Z2〉P1〈Y Z∗Z3〉P1〈Y Z2Z3〉P1
=
A38A47
X58(A38X58 −A47X14)(A38 −X14) −
A38A47
X14(A38X58 −A47X14)(A47 −X58) ,
(98)
where we use (95) and A38, A47 are given as (70). We can check this corresponds to the
canonical function of the SP1 . We can also check that the terms [Z∗, Z1, Z2]P1 , [Z∗, Z2, Z3]P1
are corresponding to the residues of the recursion relation mP1L34567I ×mP1RI812,mP1L456I ×mP1RI78123
respectively. Next, we consider the SP2 . The constraints defining it inside the kinematic
space are given in (25). We choose {X14, X16} as the basis and denote the vertices of this
stokes polytope as
{X14, X16}, {X14, X58}, {X58, X83}, {X83, X36}, {X36, X16}
→ ZP2∗ ,ZP21 ,ZP22 ,ZP23 ,ZP24 .
(99)
Similarly we can triangulate this polytope as (b) in Figure 3. Then the canonical function is
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given as
[Z∗, Z1, Z2]P2 + [Z∗, Z2, Z3]P2 + [Z∗, Z3, Z4]P2
=
A58A38
X14(A38X16 −A58X14)(A58 −X16) +
A36A
2
38
(X14 −A38)(A38X16 −A58X14)(A36X14 −A38X14 +A38X16)
+
(A36 −A58)(A36 +A38 −A58)
X16(A36 +A38 −A58 −X14 +X16)(A36X14 −A38X14 +A38X16)
(100)
where A58, A36 are given as (73). We can also check that these three terms are corresponding
to the residues of the recursion relation mP2L567I × mP2RI81234,mP2L34567I × mP2RI812,mP2L345I × mP2RI67812
respectively. Of cause it corresponds to the canonical function of the SP2 . The sum of these
functions with appropriate weight corresponds to the eight-point amplitude:
Mp=4,n=8 = αP1
∑
σ
2∑
i=1
[Z∗, Zi, Zi+1]P1,σ + αP2
∑
σ′
3∑
i=1
[Z∗, Zi, Zi+1]P2,σ′ , (101)
where σ, σ′ range over all the cyclic permutations and αP1 =
1
3 and αP2 =
1
6 .
This representation is familiar from the BCFW representation of tree NMHV amplitudes
for N = 4 SYM or φ3 tree amplitudes. The important difference is the sum over all primitive
graphs with appropriate weight. Similarly, we can obtain this representation for more higher
point case. In the n = 10 case, the stokes polytope becomes three-dimensional polytope and
we can triangulate explicitly. We put the results in the appendix.
p = 5,n = 11 case: There are two primitive p-angulations P1 = (15, 711), P2 = (15, 18).
Two Q-compatible sets and the constraints are given as (28), (29). The Q5(P1) accordiohe-
dron is a two-dimensional square. We can triangulate the accordiohedron as (a) in Figure 4
and the canonical function is given as
[Z∗, Z1, Z2]P1 + [Z∗, Z2, Z3]P1
=
A411A610
X15(X15 +X711 −A610)(A610X15 −A411X15 −A411X711)
+
A411(A411 −A610)
(A411 −X15)X711(−A610X15 +A411X15 +A411X711)
(102)
where A411, A610 are given as (84). We can see that these two terms are corresponding to
the residues at Xˆ411, Xˆ610 = 0 respectively. Similarly, we can compute the canonical function
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<latexit sha1_base64="P/gfLOS9fs48QSBlEbtjCWAIwe4=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqty o4LiqujGZR+2FR+UJI41mCYhSQta/AHBrV24UhARP8ONP+DCP1BcKrhx4W0aEBX1DjNz5sw9d87MqLahux7RQ0jq6u7p7Qv3RwYGh6Kx+PBIybXqjiaKmmVYzrqquMLQTVH0dM8Q67YjlJpqiLK6v9LeLzeE4+qWueYd2GK7plRNfV fXFI+pwkZlrhJPUpr8SPwEcgCSCCJrxa+whR1Y0FBHDQImPMYGFLjcNiGDYDO3jSZzDiPd3xc4QoS1dc4SnKEwu89jlVebAWvyul3T9dUan2Jwd1iZQIru6Zpe6I5u6Inef63V9Gu0vRzwrHa0wq7EjicKb/+qajx72PtU/enZwy4Wf a86e7d9pn0LraNvHLZeCkv5VHOaLuiZ/Z/TA93yDczGq3aZE/kzRPgD5O/P/ROUZtMypeXcfDKzHHxFGJOYwgy/9wIyWEUWRT63ihOcohV6lKLSmDTeSZVCgWYUX0JKfAAqP4qA</latexit><latexit sha1_base64="P/gfLOS9fs48QSBlEbtjCWAIwe4=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqty o4LiqujGZR+2FR+UJI41mCYhSQta/AHBrV24UhARP8ONP+DCP1BcKrhx4W0aEBX1DjNz5sw9d87MqLahux7RQ0jq6u7p7Qv3RwYGh6Kx+PBIybXqjiaKmmVYzrqquMLQTVH0dM8Q67YjlJpqiLK6v9LeLzeE4+qWueYd2GK7plRNfV fXFI+pwkZlrhJPUpr8SPwEcgCSCCJrxa+whR1Y0FBHDQImPMYGFLjcNiGDYDO3jSZzDiPd3xc4QoS1dc4SnKEwu89jlVebAWvyul3T9dUan2Jwd1iZQIru6Zpe6I5u6Inef63V9Gu0vRzwrHa0wq7EjicKb/+qajx72PtU/enZwy4Wf a86e7d9pn0LraNvHLZeCkv5VHOaLuiZ/Z/TA93yDczGq3aZE/kzRPgD5O/P/ROUZtMypeXcfDKzHHxFGJOYwgy/9wIyWEUWRT63ihOcohV6lKLSmDTeSZVCgWYUX0JKfAAqP4qA</latexit><latexit sha1_base64="P/gfLOS9fs48QSBlEbtjCWAIwe4=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqty o4LiqujGZR+2FR+UJI41mCYhSQta/AHBrV24UhARP8ONP+DCP1BcKrhx4W0aEBX1DjNz5sw9d87MqLahux7RQ0jq6u7p7Qv3RwYGh6Kx+PBIybXqjiaKmmVYzrqquMLQTVH0dM8Q67YjlJpqiLK6v9LeLzeE4+qWueYd2GK7plRNfV fXFI+pwkZlrhJPUpr8SPwEcgCSCCJrxa+whR1Y0FBHDQImPMYGFLjcNiGDYDO3jSZzDiPd3xc4QoS1dc4SnKEwu89jlVebAWvyul3T9dUan2Jwd1iZQIru6Zpe6I5u6Inef63V9Gu0vRzwrHa0wq7EjicKb/+qajx72PtU/enZwy4Wf a86e7d9pn0LraNvHLZeCkv5VHOaLuiZ/Z/TA93yDczGq3aZE/kzRPgD5O/P/ROUZtMypeXcfDKzHHxFGJOYwgy/9wIyWEUWRT63ihOcohV6lKLSmDTeSZVCgWYUX0JKfAAqP4qA</latexit><latexit sha1_base64="P/gfLOS9fs48QSBlEbtjCWAIwe4=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqty o4LiqujGZR+2FR+UJI41mCYhSQta/AHBrV24UhARP8ONP+DCP1BcKrhx4W0aEBX1DjNz5sw9d87MqLahux7RQ0jq6u7p7Qv3RwYGh6Kx+PBIybXqjiaKmmVYzrqquMLQTVH0dM8Q67YjlJpqiLK6v9LeLzeE4+qWueYd2GK7plRNfV fXFI+pwkZlrhJPUpr8SPwEcgCSCCJrxa+whR1Y0FBHDQImPMYGFLjcNiGDYDO3jSZzDiPd3xc4QoS1dc4SnKEwu89jlVebAWvyul3T9dUan2Jwd1iZQIru6Zpe6I5u6Inef63V9Gu0vRzwrHa0wq7EjicKb/+qajx72PtU/enZwy4Wf a86e7d9pn0LraNvHLZeCkv5VHOaLuiZ/Z/TA93yDczGq3aZE/kzRPgD5O/P/ROUZtMypeXcfDKzHHxFGJOYwgy/9wIyWEUWRT63ihOcohV6lKLSmDTeSZVCgWYUX0JKfAAqP4qA</latexit>
Z4
<latexit sha1_base64="hYkVGQBdcJKMhyJVMkzMqKVfNqY=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqtyIwXFVdGNS7XWFquUJI41NE1CkhZq8QcEt7pwpSAifoYbf8CFf6C4rODGhbdpQFTUO8zMmTP33Dkzo9qG7npEjyG pp7evfyA8GBkaHonG4qNjW65VdzSR1yzDcoqq4gpDN0Xe0z1DFG1HKDXVEAW1utLZLzSE4+qWuek1bbFbUyqmvq9risdUbrucKceTlCY/Ej+BHIAkgliz4tfYwR4saKijBgETHmMDClxuJcgg2MztosWcw0j39wWOEGFtnbMEZyjMVnms8KoUsCavOzVdX63xKQZ3h5UJpOiBbqhN93RLz/T+a62WX6Pjpcmz2tUKuxw7nsq9/auq8ezh4FP1p2cP+1j0vers3faZzi20rr5xeNbOLW2kWrN0SS/s/4Ie6Y5vYDZetat1sXGOCH+A/P25f4Kt+bRMaXk9k8wuB18RxjRmMMfv vYAsVrGGPJ9bwQlOcRZ6kqLShDTZTZVCgWYcX0JKfAAsP4qB</latexit><latexit sha1_base64="hYkVGQBdcJKMhyJVMkzMqKVfNqY=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqtyIwXFVdGNS7XWFquUJI41NE1CkhZq8QcEt7pwpSAifoYbf8CFf6C4rODGhbdpQFTUO8zMmTP33Dkzo9qG7npEjyG pp7evfyA8GBkaHonG4qNjW65VdzSR1yzDcoqq4gpDN0Xe0z1DFG1HKDXVEAW1utLZLzSE4+qWuek1bbFbUyqmvq9risdUbrucKceTlCY/Ej+BHIAkgliz4tfYwR4saKijBgETHmMDClxuJcgg2MztosWcw0j39wWOEGFtnbMEZyjMVnms8KoUsCavOzVdX63xKQZ3h5UJpOiBbqhN93RLz/T+a62WX6Pjpcmz2tUKuxw7nsq9/auq8ezh4FP1p2cP+1j0vers3faZzi20rr5xeNbOLW2kWrN0SS/s/4Ie6Y5vYDZetat1sXGOCH+A/P25f4Kt+bRMaXk9k8wuB18RxjRmMMfv vYAsVrGGPJ9bwQlOcRZ6kqLShDTZTZVCgWYcX0JKfAAsP4qB</latexit><latexit sha1_base64="hYkVGQBdcJKMhyJVMkzMqKVfNqY=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqtyIwXFVdGNS7XWFquUJI41NE1CkhZq8QcEt7pwpSAifoYbf8CFf6C4rODGhbdpQFTUO8zMmTP33Dkzo9qG7npEjyG pp7evfyA8GBkaHonG4qNjW65VdzSR1yzDcoqq4gpDN0Xe0z1DFG1HKDXVEAW1utLZLzSE4+qWuek1bbFbUyqmvq9risdUbrucKceTlCY/Ej+BHIAkgliz4tfYwR4saKijBgETHmMDClxuJcgg2MztosWcw0j39wWOEGFtnbMEZyjMVnms8KoUsCavOzVdX63xKQZ3h5UJpOiBbqhN93RLz/T+a62WX6Pjpcmz2tUKuxw7nsq9/auq8ezh4FP1p2cP+1j0vers3faZzi20rr5xeNbOLW2kWrN0SS/s/4Ie6Y5vYDZetat1sXGOCH+A/P25f4Kt+bRMaXk9k8wuB18RxjRmMMfv vYAsVrGGPJ9bwQlOcRZ6kqLShDTZTZVCgWYcX0JKfAAsP4qB</latexit><latexit sha1_base64="hYkVGQBdcJKMhyJVMkzMqKVfNqY=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqtyIwXFVdGNS7XWFquUJI41NE1CkhZq8QcEt7pwpSAifoYbf8CFf6C4rODGhbdpQFTUO8zMmTP33Dkzo9qG7npEjyG pp7evfyA8GBkaHonG4qNjW65VdzSR1yzDcoqq4gpDN0Xe0z1DFG1HKDXVEAW1utLZLzSE4+qWuek1bbFbUyqmvq9risdUbrucKceTlCY/Ej+BHIAkgliz4tfYwR4saKijBgETHmMDClxuJcgg2MztosWcw0j39wWOEGFtnbMEZyjMVnms8KoUsCavOzVdX63xKQZ3h5UJpOiBbqhN93RLz/T+a62WX6Pjpcmz2tUKuxw7nsq9/auq8ezh4FP1p2cP+1j0vers3faZzi20rr5xeNbOLW2kWrN0SS/s/4Ie6Y5vYDZetat1sXGOCH+A/P25f4Kt+bRMaXk9k8wuB18RxjRmMMfv vYAsVrGGPJ9bwQlOcRZ6kqLShDTZTZVCgWYcX0JKfAAsP4qB</latexit>
(a)
<latexit sha1_base64="8umtUCOG wLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNu RFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48D YNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiay mmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7 qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyC zdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD 3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+ V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+ f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPd VCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOG wLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNu RFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48D YNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiay mmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7 qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyC zdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD 3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+ V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+ f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPd VCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOG wLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNu RFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48D YNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiay mmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7 qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyC zdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD 3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+ V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+ f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPd VCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOG wLZB9YFVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNu RFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48D YNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiay mmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7 qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyC zdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD 3SLbXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+ V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+ f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPd VCkUaCbxJaTYB7XOikY=</latexit>
(b)
<latexit sha1_base64="ESRD9XnPTlaEk4Dvgb2NDATfJSM=">AAA CZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dm VNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEuri fjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SL bXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/A Hy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit><latexit sha1_base64="ESRD9XnPTlaEk4Dvgb2NDATfJSM=">AAA CZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dm VNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEuri fjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SL bXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/A Hy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit><latexit sha1_base64="ESRD9XnPTlaEk4Dvgb2NDATfJSM=">AAA CZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dm VNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEuri fjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SL bXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/A Hy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit><latexit sha1_base64="ESRD9XnPTlaEk4Dvgb2NDATfJSM=">AAA CZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVpD0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dm VNvQXY+oFZJ6evv6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7yGLfaqStnUS7qmeExlEuri fjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCzdwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SL bXpge7omd5/rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4Gu6IX9X1KL7vkGZv1Vu06J9AXC/A Hy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dwyTnGG89CTNCZNSdPdVCkUaCbxJaTYB7fPikc=</latexit>
X15
<latexit sha1_base6 4="MO3rSJ4YB8biYI+ST3b4iQilhfo=">AAA CaXichVHLSsNAFD2N7/qquhHdiKXiqtyIorgS 3bjswz6glpLEaY1Nk5CkBS3+gCt3oq4URMTP cOMPuPATxGUFNy68TQOiRb3DzJw5c8+dMzOq beiuR/Qcknp6+/oHBofCwyOjY+ORicmsa9UdT WQ0y7CcvKq4wtBNkfF0zxB52xFKTTVETq1ut fdzDeG4umXueIe2KNaUiqmXdU3xmMrmS0155b gUiVKc/JjrBnIAoggiYUVusYs9WNBQRw0CJj zGBhS43AqQQbCZK6LJnMNI9/cFjhFmbZ2zBGc ozFZ5rPCqELAmr9s1XV+t8SkGd4eVc4jRE91 Rix7pnl7o49daTb9G28shz2pHK+zS+Ml0+v1f VY1nD/tfqj89eyhjzfeqs3fbZ9q30Dr6xtFZ K72eijUX6Jpe2f8VPdMD38BsvGk3SZG6RJg/ QP753N0guxSXKS4nl6Mbm8FXDGIW81jk917FB raRQIbPPcApznERepUmpGlpppMqhQLNFL6FF P0E8LiLxw==</latexit><latexit sha1_base6 4="MO3rSJ4YB8biYI+ST3b4iQilhfo=">AAA CaXichVHLSsNAFD2N7/qquhHdiKXiqtyIorgS 3bjswz6glpLEaY1Nk5CkBS3+gCt3oq4URMTP cOMPuPATxGUFNy68TQOiRb3DzJw5c8+dMzOq beiuR/Qcknp6+/oHBofCwyOjY+ORicmsa9UdT WQ0y7CcvKq4wtBNkfF0zxB52xFKTTVETq1ut fdzDeG4umXueIe2KNaUiqmXdU3xmMrmS0155b gUiVKc/JjrBnIAoggiYUVusYs9WNBQRw0CJj zGBhS43AqQQbCZK6LJnMNI9/cFjhFmbZ2zBGc ozFZ5rPCqELAmr9s1XV+t8SkGd4eVc4jRE91 Rix7pnl7o49daTb9G28shz2pHK+zS+Ml0+v1f VY1nD/tfqj89eyhjzfeqs3fbZ9q30Dr6xtFZ K72eijUX6Jpe2f8VPdMD38BsvGk3SZG6RJg/ QP753N0guxSXKS4nl6Mbm8FXDGIW81jk917FB raRQIbPPcApznERepUmpGlpppMqhQLNFL6FF P0E8LiLxw==</latexit><latexit sha1_base6 4="MO3rSJ4YB8biYI+ST3b4iQilhfo=">AAA CaXichVHLSsNAFD2N7/qquhHdiKXiqtyIorgS 3bjswz6glpLEaY1Nk5CkBS3+gCt3oq4URMTP cOMPuPATxGUFNy68TQOiRb3DzJw5c8+dMzOq beiuR/Qcknp6+/oHBofCwyOjY+ORicmsa9UdT WQ0y7CcvKq4wtBNkfF0zxB52xFKTTVETq1ut fdzDeG4umXueIe2KNaUiqmXdU3xmMrmS0155b gUiVKc/JjrBnIAoggiYUVusYs9WNBQRw0CJj zGBhS43AqQQbCZK6LJnMNI9/cFjhFmbZ2zBGc ozFZ5rPCqELAmr9s1XV+t8SkGd4eVc4jRE91 Rix7pnl7o49daTb9G28shz2pHK+zS+Ml0+v1f VY1nD/tfqj89eyhjzfeqs3fbZ9q30Dr6xtFZ K72eijUX6Jpe2f8VPdMD38BsvGk3SZG6RJg/ QP753N0guxSXKS4nl6Mbm8FXDGIW81jk917FB raRQIbPPcApznERepUmpGlpppMqhQLNFL6FF P0E8LiLxw==</latexit><latexit sha1_base6 4="MO3rSJ4YB8biYI+ST3b4iQilhfo=">AAA CaXichVHLSsNAFD2N7/qquhHdiKXiqtyIorgS 3bjswz6glpLEaY1Nk5CkBS3+gCt3oq4URMTP cOMPuPATxGUFNy68TQOiRb3DzJw5c8+dMzOq beiuR/Qcknp6+/oHBofCwyOjY+ORicmsa9UdT WQ0y7CcvKq4wtBNkfF0zxB52xFKTTVETq1ut fdzDeG4umXueIe2KNaUiqmXdU3xmMrmS0155b gUiVKc/JjrBnIAoggiYUVusYs9WNBQRw0CJj zGBhS43AqQQbCZK6LJnMNI9/cFjhFmbZ2zBGc ozFZ5rPCqELAmr9s1XV+t8SkGd4eVc4jRE91 Rix7pnl7o49daTb9G28shz2pHK+zS+Ml0+v1f VY1nD/tfqj89eyhjzfeqs3fbZ9q30Dr6xtFZ K72eijUX6Jpe2f8VPdMD38BsvGk3SZG6RJg/ QP753N0guxSXKS4nl6Mbm8FXDGIW81jk917FB raRQIbPPcApznERepUmpGlpppMqhQLNFL6FF P0E8LiLxw==</latexit>
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X411
<latexit sha1_base64="ygYPsW1Qog2bgboGEe1ZZd6p5sU=">AAACanichVG7SgNBFD1Z3/GRq I1iE4yKVbgrAcVKtLGMxjxAJeyuk7hkX+xuAjH4A3ZWgqkURMTPsPEHLPIJop2CjYU3mwVRUe8wM2fO3HPnzIzqGLrnE7UjUk9vX//A4FB0eGR0LBYfn8h7ds3VRE6zDdstqoonDN0SOV/3DVF0XKGYqiE KanWjs1+oC9fTbWvHbzhi31Qqll7WNcVnqlAsNdOyfFyKJylFQSR+AjkESYSRsePX2MMBbGiowYSABZ+xAQUet13IIDjM7aPJnMtID/YFjhFlbY2zBGcozFZ5rPBqN2QtXndqeoFa41MM7i4rE5inB7qh F7qnW3qk919rNYMaHS8NntWuVjil2MlU9u1flcmzj8NP1Z+efZSxEnjV2bsTMJ1baF19/ejsJbu6Pd9coEt6Yv8X1KY7voFVf9WutsR2C1H+APn7c/8E+aWUTCl5K51cWw+/YhAzmMUiv/cy1rCJDHKBu 1OcoxV5liakaWmmmypFQs0kvoQ09wF3+4wB</latexit><latexit sha1_base64="ygYPsW1Qog2bgboGEe1ZZd6p5sU=">AAACanichVG7SgNBFD1Z3/GRq I1iE4yKVbgrAcVKtLGMxjxAJeyuk7hkX+xuAjH4A3ZWgqkURMTPsPEHLPIJop2CjYU3mwVRUe8wM2fO3HPnzIzqGLrnE7UjUk9vX//A4FB0eGR0LBYfn8h7ds3VRE6zDdstqoonDN0SOV/3DVF0XKGYqiE KanWjs1+oC9fTbWvHbzhi31Qqll7WNcVnqlAsNdOyfFyKJylFQSR+AjkESYSRsePX2MMBbGiowYSABZ+xAQUet13IIDjM7aPJnMtID/YFjhFlbY2zBGcozFZ5rPBqN2QtXndqeoFa41MM7i4rE5inB7qh F7qnW3qk919rNYMaHS8NntWuVjil2MlU9u1flcmzj8NP1Z+efZSxEnjV2bsTMJ1baF19/ejsJbu6Pd9coEt6Yv8X1KY7voFVf9WutsR2C1H+APn7c/8E+aWUTCl5K51cWw+/YhAzmMUiv/cy1rCJDHKBu 1OcoxV5liakaWmmmypFQs0kvoQ09wF3+4wB</latexit><latexit sha1_base64="ygYPsW1Qog2bgboGEe1ZZd6p5sU=">AAACanichVG7SgNBFD1Z3/GRq I1iE4yKVbgrAcVKtLGMxjxAJeyuk7hkX+xuAjH4A3ZWgqkURMTPsPEHLPIJop2CjYU3mwVRUe8wM2fO3HPnzIzqGLrnE7UjUk9vX//A4FB0eGR0LBYfn8h7ds3VRE6zDdstqoonDN0SOV/3DVF0XKGYqiE KanWjs1+oC9fTbWvHbzhi31Qqll7WNcVnqlAsNdOyfFyKJylFQSR+AjkESYSRsePX2MMBbGiowYSABZ+xAQUet13IIDjM7aPJnMtID/YFjhFlbY2zBGcozFZ5rPBqN2QtXndqeoFa41MM7i4rE5inB7qh F7qnW3qk919rNYMaHS8NntWuVjil2MlU9u1flcmzj8NP1Z+efZSxEnjV2bsTMJ1baF19/ejsJbu6Pd9coEt6Yv8X1KY7voFVf9WutsR2C1H+APn7c/8E+aWUTCl5K51cWw+/YhAzmMUiv/cy1rCJDHKBu 1OcoxV5liakaWmmmypFQs0kvoQ09wF3+4wB</latexit><latexit sha1_base64="ygYPsW1Qog2bgboGEe1ZZd6p5sU=">AAACanichVG7SgNBFD1Z3/GRq I1iE4yKVbgrAcVKtLGMxjxAJeyuk7hkX+xuAjH4A3ZWgqkURMTPsPEHLPIJop2CjYU3mwVRUe8wM2fO3HPnzIzqGLrnE7UjUk9vX//A4FB0eGR0LBYfn8h7ds3VRE6zDdstqoonDN0SOV/3DVF0XKGYqiE KanWjs1+oC9fTbWvHbzhi31Qqll7WNcVnqlAsNdOyfFyKJylFQSR+AjkESYSRsePX2MMBbGiowYSABZ+xAQUet13IIDjM7aPJnMtID/YFjhFlbY2zBGcozFZ5rPBqN2QtXndqeoFa41MM7i4rE5inB7qh F7qnW3qk919rNYMaHS8NntWuVjil2MlU9u1flcmzj8NP1Z+efZSxEnjV2bsTMJ1baF19/ejsJbu6Pd9coEt6Yv8X1KY7voFVf9WutsR2C1H+APn7c/8E+aWUTCl5K51cWw+/YhAzmMUiv/cy1rCJDHKBu 1OcoxV5liakaWmmmypFQs0kvoQ09wF3+4wB</latexit>
X48
<latexit sha1_base64="JFVhkuNCfXjQFKpShOhikyFaBdc=">AAACaXichVG7SgNBF D1Z3/GRRBvRJhgiVuGuCIqVaGPpKw+IIeyuE12zL3Y3gRj8ASs7USsFEfEzbPwBCz9BLCPYWHizWRAN6h1m5syZe+6cmVEdQ/d8oueI1NPb1z8wOBQdHhkdi8UT4znPrrmayGq2Y bsFVfGEoVsi6+u+IQqOKxRTNURera619/N14Xq6be34DUeUTGXf0iu6pvhM5Qrl5sLScTmeogwFkewGcghSCGPDjt9iF3uwoaEGEwIWfMYGFHjcipBBcJgrocmcy0gP9gWOEWVtj bMEZyjMVnnc51UxZC1et2t6gVrjUwzuLiuTSNMT3VGLHumeXujj11rNoEbbS4NntaMVTjl2Mrn9/q/K5NnHwZfqT88+KlgKvOrs3QmY9i20jr5+dNbaXt5KN2fpml7Z/xU90wPfw Kq/aTebYusSUf4A+edzd4PcfEamjLy5kFpZDb9iENOYwRy/9yJWsI4NZPncQ5ziHBeRVykhTUpTnVQpEmom8C2k1Cf8wYvN</latexit><latexit sha1_base64="JFVhkuNCfXjQFKpShOhikyFaBdc=">AAACaXichVG7SgNBF D1Z3/GRRBvRJhgiVuGuCIqVaGPpKw+IIeyuE12zL3Y3gRj8ASs7USsFEfEzbPwBCz9BLCPYWHizWRAN6h1m5syZe+6cmVEdQ/d8oueI1NPb1z8wOBQdHhkdi8UT4znPrrmayGq2Y bsFVfGEoVsi6+u+IQqOKxRTNURera619/N14Xq6be34DUeUTGXf0iu6pvhM5Qrl5sLScTmeogwFkewGcghSCGPDjt9iF3uwoaEGEwIWfMYGFHjcipBBcJgrocmcy0gP9gWOEWVtj bMEZyjMVnnc51UxZC1et2t6gVrjUwzuLiuTSNMT3VGLHumeXujj11rNoEbbS4NntaMVTjl2Mrn9/q/K5NnHwZfqT88+KlgKvOrs3QmY9i20jr5+dNbaXt5KN2fpml7Z/xU90wPfw Kq/aTebYusSUf4A+edzd4PcfEamjLy5kFpZDb9iENOYwRy/9yJWsI4NZPncQ5ziHBeRVykhTUpTnVQpEmom8C2k1Cf8wYvN</latexit><latexit sha1_base64="JFVhkuNCfXjQFKpShOhikyFaBdc=">AAACaXichVG7SgNBF D1Z3/GRRBvRJhgiVuGuCIqVaGPpKw+IIeyuE12zL3Y3gRj8ASs7USsFEfEzbPwBCz9BLCPYWHizWRAN6h1m5syZe+6cmVEdQ/d8oueI1NPb1z8wOBQdHhkdi8UT4znPrrmayGq2Y bsFVfGEoVsi6+u+IQqOKxRTNURera619/N14Xq6be34DUeUTGXf0iu6pvhM5Qrl5sLScTmeogwFkewGcghSCGPDjt9iF3uwoaEGEwIWfMYGFHjcipBBcJgrocmcy0gP9gWOEWVtj bMEZyjMVnnc51UxZC1et2t6gVrjUwzuLiuTSNMT3VGLHumeXujj11rNoEbbS4NntaMVTjl2Mrn9/q/K5NnHwZfqT88+KlgKvOrs3QmY9i20jr5+dNbaXt5KN2fpml7Z/xU90wPfw Kq/aTebYusSUf4A+edzd4PcfEamjLy5kFpZDb9iENOYwRy/9yJWsI4NZPncQ5ziHBeRVykhTUpTnVQpEmom8C2k1Cf8wYvN</latexit><latexit sha1_base64="JFVhkuNCfXjQFKpShOhikyFaBdc=">AAACaXichVG7SgNBF D1Z3/GRRBvRJhgiVuGuCIqVaGPpKw+IIeyuE12zL3Y3gRj8ASs7USsFEfEzbPwBCz9BLCPYWHizWRAN6h1m5syZe+6cmVEdQ/d8oueI1NPb1z8wOBQdHhkdi8UT4znPrrmayGq2Y bsFVfGEoVsi6+u+IQqOKxRTNURera619/N14Xq6be34DUeUTGXf0iu6pvhM5Qrl5sLScTmeogwFkewGcghSCGPDjt9iF3uwoaEGEwIWfMYGFHjcipBBcJgrocmcy0gP9gWOEWVtj bMEZyjMVnnc51UxZC1et2t6gVrjUwzuLiuTSNMT3VGLHumeXujj11rNoEbbS4NntaMVTjl2Mrn9/q/K5NnHwZfqT88+KlgKvOrs3QmY9i20jr5+dNbaXt5KN2fpml7Z/xU90wPfw Kq/aTebYusSUf4A+edzd4PcfEamjLy5kFpZDb9iENOYwRy/9yJWsI4NZPncQ5ziHBeRVykhTUpTnVQpEmom8C2k1Cf8wYvN</latexit>
X18
<latexit sha1_base64="gTRKE++NUz4EfiqLDkDdG0o91j8=">AAACaXichVHLSsNAFD2N7 /pqdVN0IwbFVbkRweKq6MZlH7YWVEoSR42mSUjSQg3+gCt3oq4URMTPcOMPuOgniEsFNy68TQOiot5hZs6cuefOmRnNMQ3PJ2rFpK7unt6+/oH44NDwyGgiOVb27Lqri5Jum7Zb0VRPmIYlSr7 hm6LiuEKtaaZY1w5W2vvrDeF6hm2t+U1HbNXUXcvYMXTVZ6pcqQZK5qiakClNYUz9BEoEZESRsxM32MQ2bOioowYBCz5jEyo8bhtQQHCY20LAnMvICPcFjhBnbZ2zBGeozB7wuMurjYi1eN2u6 YVqnU8xubusnMIMPdItvdAD3dETvf9aKwhrtL00edY6WuFUR49Txbd/VTWefex9qv707GMHmdCrwd6dkGnfQu/oG4enL8WlwkwwS1f0zP4vqUX3fAOr8apf50XhAnH+AOX7c/8E5fm0QmklvyB nl6Ov6MckpjHH772ILFaRQ4nP3ccJznAee5aSUkqa6KRKsUgzji8hyR/2u4vK</latexit><latexit sha1_base64="gTRKE++NUz4EfiqLDkDdG0o91j8=">AAACaXichVHLSsNAFD2N7 /pqdVN0IwbFVbkRweKq6MZlH7YWVEoSR42mSUjSQg3+gCt3oq4URMTPcOMPuOgniEsFNy68TQOiot5hZs6cuefOmRnNMQ3PJ2rFpK7unt6+/oH44NDwyGgiOVb27Lqri5Jum7Zb0VRPmIYlSr7 hm6LiuEKtaaZY1w5W2vvrDeF6hm2t+U1HbNXUXcvYMXTVZ6pcqQZK5qiakClNYUz9BEoEZESRsxM32MQ2bOioowYBCz5jEyo8bhtQQHCY20LAnMvICPcFjhBnbZ2zBGeozB7wuMurjYi1eN2u6 YVqnU8xubusnMIMPdItvdAD3dETvf9aKwhrtL00edY6WuFUR49Txbd/VTWefex9qv707GMHmdCrwd6dkGnfQu/oG4enL8WlwkwwS1f0zP4vqUX3fAOr8apf50XhAnH+AOX7c/8E5fm0QmklvyB nl6Ov6MckpjHH772ILFaRQ4nP3ccJznAee5aSUkqa6KRKsUgzji8hyR/2u4vK</latexit><latexit sha1_base64="gTRKE++NUz4EfiqLDkDdG0o91j8=">AAACaXichVHLSsNAFD2N7 /pqdVN0IwbFVbkRweKq6MZlH7YWVEoSR42mSUjSQg3+gCt3oq4URMTPcOMPuOgniEsFNy68TQOiot5hZs6cuefOmRnNMQ3PJ2rFpK7unt6+/oH44NDwyGgiOVb27Lqri5Jum7Zb0VRPmIYlSr7 hm6LiuEKtaaZY1w5W2vvrDeF6hm2t+U1HbNXUXcvYMXTVZ6pcqQZK5qiakClNYUz9BEoEZESRsxM32MQ2bOioowYBCz5jEyo8bhtQQHCY20LAnMvICPcFjhBnbZ2zBGeozB7wuMurjYi1eN2u6 YVqnU8xubusnMIMPdItvdAD3dETvf9aKwhrtL00edY6WuFUR49Txbd/VTWefex9qv707GMHmdCrwd6dkGnfQu/oG4enL8WlwkwwS1f0zP4vqUX3fAOr8apf50XhAnH+AOX7c/8E5fm0QmklvyB nl6Ov6MckpjHH772ILFaRQ4nP3ccJznAee5aSUkqa6KRKsUgzji8hyR/2u4vK</latexit><latexit sha1_base64="gTRKE++NUz4EfiqLDkDdG0o91j8=">AAACaXichVHLSsNAFD2N7 /pqdVN0IwbFVbkRweKq6MZlH7YWVEoSR42mSUjSQg3+gCt3oq4URMTPcOMPuOgniEsFNy68TQOiot5hZs6cuefOmRnNMQ3PJ2rFpK7unt6+/oH44NDwyGgiOVb27Lqri5Jum7Zb0VRPmIYlSr7 hm6LiuEKtaaZY1w5W2vvrDeF6hm2t+U1HbNXUXcvYMXTVZ6pcqQZK5qiakClNYUz9BEoEZESRsxM32MQ2bOioowYBCz5jEyo8bhtQQHCY20LAnMvICPcFjhBnbZ2zBGeozB7wuMurjYi1eN2u6 YVqnU8xubusnMIMPdItvdAD3dETvf9aKwhrtL00edY6WuFUR49Txbd/VTWefex9qv707GMHmdCrwd6dkGnfQu/oG4enL8WlwkwwS1f0zP4vqUX3fAOr8apf50XhAnH+AOX7c/8E5fm0QmklvyB nl6Ov6MckpjHH772ILFaRQ4nP3ccJznAee5aSUkqa6KRKsUgzji8hyR/2u4vK</latexit>
Figure 4: Triangulation of p = 5, n = 11 accordiohedra.
from the triangulation of the Q5(P2) accordiohedron which is given as (b) in Figure 4.
[Z∗, Z1, Z2]P2 + [Z∗, Z2, Z3]P2 + [Z∗, Z3, Z4]P2
=
A411A711
X15(X18 −A711)(A711X15 −A411X18)
+
A2411(A711 +A48 −A411)
(A411 −X15)(X15A411 −X18A411 −A48X15)(−A711X15 +A411X18)
+
A48(A48 −A411)
X18(X15A411 −X18A411 −A48X15)(A48 −X15 +X18) ,
(103)
where A48, A711 are given as (87). These three terms are corresponding to the residues at
Xˆ48, Xˆ411, Xˆ711 = 0 respectively. Then the 11-point amplitude is given as
Mp=5,n=11 = α
P1
5,11
∑
σ
2∑
i=1
[Z∗, Zi, Zi+1]P1,σ + α
P2
5,11
∑
σ′
3∑
i=1
[Z∗, Zi, Zi+1]P2,σ′ , (104)
where αP15,11 =
3
11 and α
P2
5,11 =
2
11 .
p = 6,n = 14 case: There are three Q-compatible sets Q6(P1), Q6(P2), Q6(P3) which given
26
in (89). We can compute the canonical function from the triangulation and the 14-point
amplitude is given as
Mp=6,n=14 = α
P1
6,14
∑
σ
2∑
i=1
[Z∗, Zi, Zi+1]P1,σ + α
P2
6,14
∑
σ
2∑
i=1
[Z∗, Zi, Zi+1]P2,σ′
+ αP36,14
∑
σ′′
3∑
i=1
[Z∗, Zi, Zi+1]P3,σ′′ ,
(105)
where αP16,14 =
1
3 , α
P2
6,14 =
1
6 and α
P3
6,14 =
1
3 . The explicit representation for each team is written
in the appendix.
4.4 General formula for φp tree amplitudes
The triangulation of the general associahedron is given in [17]. Since the accordiohedron is
the simple polytope which is same as the associahedron, we can triangulate it by applying the
same formula of [17]. Then the triangulation of the Dp dimensional accordiohedron ACPp,Dp
is given as ∑
i1,j1
∑
i2,j2
· · ·
∑
iDp ,jDp
[Z(0), Z
(1)
i1,j1
, · · · , Z(Dp−1)iDp−1,jDp−1 , Z
(Dp)
iDp ,jDp
]P (106)
Here we briefly see how to obtain this formula following with [17]. First we choose an origin
Z(0) and connect to all co-dimension one facets that are not adjacent to Z(0). We denote these
facets as Xi1,j1 . Next, for each facet Xi1,j1 , we triangulate it by connecting an origin Z
(1)
i1,j1
to
all of its facets Xi2,j2 . Continuing this for Dp step and sum over all pairs (i1, j1), (i2, j2), . . . ,
we can triangulate this polytope.
By using this formula, the general n-point amplitude for φp is given as
Mp,n =
pn∑
a=1
∑
σ
∑
i1,j1
· · ·
∑
iDp ,jDp
αPap,n[Z
(0), Z
(1)
i1,j1
, · · · , Z(Dp−1)iDp−1,jDp−1 , Z
(Dp)
iDp ,jDp
]Pa,σ. (107)
where pn is a number of the primitive p-angulation and α
Pa
p,n is the weight.
The number pn for φ
p case is obtained in [1]. The explicit formula for this number is
27
given as
pn =

1
nFDp,n +
1
2F(Dp+1)/2,p +
1
n
∑
d=Gcd(Dp,p)
φ(p)1d
(p− 1)Dp + pd
Dp
 (if n is odd)
1
nFDp,n +
1
n
∑
d=Gcd(Dp,p)
φ(p)1d
(p− 1)Dp + pd
Dp
 (if n is even) .
(108)
where FDp,n is the Fuss Catalan number
FDp,n =
1
n(n− p) + p
(
(p− 1)Dp
Dp
)
. (109)
And φ(d) is given by:
φ(d) = d
(
1− 1
p1
)(
1− 1
p2
)
· · ·
(
1− 1
pr
)
(110)
where each pi comes from the prime factorization of d:
d = pa1a p
a2
2 · · · parr , pi are the prime numbers. (111)
As we have seen in section 3, these weights αPa are determined from the factorization of the
accordiohedron.
5 Recursion from the projective triangulation
In section 4, we introduced the “BCFW”-like recursion relation for the φp amplitudes. This
recursion is interpreted as a triangulation of accordiohedra. Recently, in [3] a new trian-
gulations which is called “projective triangulation” for generalized ABHY-associahedra was
introduced. From this new triangulation, we can obtain a new recursion relation which is
called “projective recursion relation”. The field-theoretical derivation of the projective recur-
sion was obtained in [4]. In this section, we apply this new recursion for φp amplitudes and
interpret this as a projective triangulation of the accordiohedra.
5.1 Projective recursion relation
Here we briefly review the projective recursion relation by following [4]. First we consider a
rescaling
XAi → zXAi , i = 1, 2, . . . , k, (112)
28
here we choose XAi as part of the basis of planar variables and 1 ≤ k ≤ Dp. Similar to the
BCFW-like recursion, we consider the integral∮
zk
z − 1m
P
p,n(zX,C), (113)
where mPp,n(zX,C) is the shifted n-point amplitude. By repeating same procedure of section
4, we obtain the recursion relation formula
mPp,n(X,C) =
∑
Bi
zki
XBi
mPLa,··· ,b−1,I(zBiX,C)m
PR
I,b,··· ,a−1(zBiX,C) (114)
where XBi are the planar variables which depend on basis variables XAi as
XBi = CBi +
k∑
j=1
λi,jXAi , (115)
and sum of Bi runs over all the shifted planar variables. When k = Dp, this corresponds to
(58). Then we can interpret this as a generalization of the BCFW-like recursion relation.
In this derivation, we use the fact that the function z
k
z−1m
P
p,n(zX,C) has no pole at infinity.
We prove this following [4]. Here we rescale basis variables
XAi → zXAi , i = 1, . . . , k. (116)
We consider the behavior of function z
k
z−1m
P
p,n(zX,C) at z → ∞. The terms of O
(
1
za
)
, a ≥
k + 1 are vanish at infinity. The canonical function mPp,n(X,C) of the accordiohedron have
the form
mPp,n(X,C) =
∑
vertices
1∏Dp X . (117)
Since the dimension of the accordiohedron is Dp, there cannot be more than Dp − k planar
variables that are linearly independent. Then the canonical function cannot have terms of
O ( 1
zk−1
)
or less. From these facts, we need only consider those terms of O ( 1
zk
)
. However,
we can see that those terms of O ( 1
zk
)
vanish at z → ∞ similarly as the generalized ABHY
associahedron case [4]. We denote XBj as Dp − k variables which is not the basis. It is
possible to group the terms of the canonical form as(∑ 1∏k
i XAi
)
1∏Dp−k
j XBj
= mPp,k(X,C)
1∏Dp−k
j XBj
. (118)
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When z →∞,
lim
z→∞m
P
p,k(X,C) ∼
1
zk
mPp,k(X, 0)→ 0. (119)
Here we used the soft condition. Then the canonical function has only terms of O ( 1za ) , a ≥
k + 1, this means that it has no pole at infinity.
In [4], it was proven that this recursion relation (114) for the ABHY polytope is equivalent
to the “projective triangulation”. We will see that in the accordiohedron case, this recursion
relation can be interpreted as the projective triangulation of the accordiohedron.
5.2 One-variable projective recursion
In this section, we consider a interesting case: one-variable rescaling
XA → zXA. (120)
Under the rescaling (120), the shift parameter z is determined by solving XˆBi = 0 and the
result is
z = − CBi
λiZA
= 1− XBi
λiXA
(121)
Then the shifted basis variables are written as
XA → zXA = XA − 1
λi
XBi . (122)
Another variable XC = CC + λXA which depends on the shifted basis variable becomes as
XˆC = CC + zλXA = CC + λXA −XB
= XC −XB.
(123)
From these results and
z
XBi
=
(
1
XBi
− 1
λiXA
)
, (124)
we can obtain the one-variable rescaling recursion
mPp,n(X,C) =
∑
Bi
(
1
XBi
− 1
λiXA
)
mˆPLa,··· ,b−1,I × mˆPRI,b,··· ,a−1, (125)
where mˆ means that before sum over Bi, we need to make the replacement (122) and (123).
This recursion relation was also derived from the general properties of canonical forms of
simple polytopes [18]. Next, we see some examples of this one-variable projective recursion.
30
p = 4,n = 8 case:
Let’s consider a one-variable rescaling
X14 → zX14. (126)
In this case, there are two Q-compatible sets (23) and (24). In the Q(P1) set, only X38 will
be shifted. From (125),
mP1p=4,n=8(X,C) =
(
1
X38
+
1
X14
)
mˆP1L34567I × mˆP1RI812
=
(
1
X38
+
1
X14
)(
1
X58
+
1
X47
)
.
(127)
This is corresponding to the p = 4, n = 8, Q(P1)-compatible amplitude. This is the canonical
function of the rectangle form by X38, X58 as its edges. We can interpret this result as the
prism formed by projecting the facet X38 onto line X14.
In the Q(P2) set, X38 and X36 will be shifted. Then from the recursion formula,
mP24,8(X,C) =
(
1
X38
+
1
X14
)
mˆP2L34567I × mˆP2RI812 +
(
1
X36
+
1
X14
)
mˆP2L345I × mˆP2RI67812
=
(
1
X38
+
1
X14
)(
1
X36 −X38 +
1
X58
)
+
(
1
X36
+
1
X14
)(
1
X38 −X36 +
1
X16
)
.
(128)
It is easy to check that this corresponds to the p = 4, n = 8, Q(P2)-compatible amplitude.
These two terms are the canonical function of the two 2-dimensional prisms as (a) in Figure 5.
p = 4,n = 10 case:
In this case, there are 7 primitive {P1, P2, . . . , P7}. Here we consider P1 = (14, 510, 69), the
Q-compatible set is given as (76). Let’s consider a one-variable rescaling
X14 → zX14. (129)
Only X310 will be shifted and the recursion formula becomes as
mP1p=4,n=10(X,C) =
(
1
X14
+
1
X310
)
mˆP1L3456789I × mˆP1RI1012
=
(
1
X14
+
1
X310
)(
1
X510X58
+
1
X49X58
+
1
X510X69
+
1
X49X69
)
.
(130)
This corresponds to the p = 4, n = 10, Q(P1)-compatible amplitude. This is the product of the
canonical functions of the line {X14, X310} and the rectangle form by {X58, X510, X69, X49}.
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X16
<latexit sha1_base 64="SYezMsi/SaY88byUxLU8ivYG1po=">AA ACaXichVHLSsNAFD2N7/qquhHdiKXiqtyIqL gS3bjswz6glpLEaY1Nk5CkBS3+gCt3oq4UR MTPcOMPuPATxGUFNy68TQOiRb3DzJw5c8+dM zOqbeiuR/Qcknp6+/oHBofCwyOjY+ORicms a9UdTWQ0y7CcvKq4wtBNkfF0zxB52xFKTTVE Tq1utfdzDeG4umXueIe2KNaUiqmXdU3xmMrm S0155bgUiVKc/JjrBnIAoggiYUVusYs9WNB QRw0CJjzGBhS43AqQQbCZK6LJnMNI9/cFjhF mbZ2zBGcozFZ5rPCqELAmr9s1XV+t8SkGd4 eVc4jRE91Rix7pnl7o49daTb9G28shz2pHK+ zS+Ml0+v1fVY1nD/tfqj89eyhjzfeqs3fbZ9 q30Dr6xtFZK72eijUX6Jpe2f8VPdMD38Bsv Gk3SZG6RJg/QP753N0guxSXKS4nl6Mbm8FXD GIW81jk917FBraRQIbPPcApznERepUmpGlpp pMqhQLNFL6FFP0E8rmLyA==</latexit><latexit sha1_base 64="SYezMsi/SaY88byUxLU8ivYG1po=">AA ACaXichVHLSsNAFD2N7/qquhHdiKXiqtyIqL gS3bjswz6glpLEaY1Nk5CkBS3+gCt3oq4UR MTPcOMPuPATxGUFNy68TQOiRb3DzJw5c8+dM zOqbeiuR/Qcknp6+/oHBofCwyOjY+ORicms a9UdTWQ0y7CcvKq4wtBNkfF0zxB52xFKTTVE Tq1utfdzDeG4umXueIe2KNaUiqmXdU3xmMrm S0155bgUiVKc/JjrBnIAoggiYUVusYs9WNB QRw0CJjzGBhS43AqQQbCZK6LJnMNI9/cFjhF mbZ2zBGcozFZ5rPCqELAmr9s1XV+t8SkGd4 eVc4jRE91Rix7pnl7o49daTb9G28shz2pHK+ zS+Ml0+v1fVY1nD/tfqj89eyhjzfeqs3fbZ9 q30Dr6xtFZK72eijUX6Jpe2f8VPdMD38Bsv Gk3SZG6RJg/QP753N0guxSXKS4nl6Mbm8FXD GIW81jk917FBraRQIbPPcApznERepUmpGlpp pMqhQLNFL6FFP0E8rmLyA==</latexit><latexit sha1_base 64="SYezMsi/SaY88byUxLU8ivYG1po=">AA ACaXichVHLSsNAFD2N7/qquhHdiKXiqtyIqL gS3bjswz6glpLEaY1Nk5CkBS3+gCt3oq4UR MTPcOMPuPATxGUFNy68TQOiRb3DzJw5c8+dM zOqbeiuR/Qcknp6+/oHBofCwyOjY+ORicms a9UdTWQ0y7CcvKq4wtBNkfF0zxB52xFKTTVE Tq1utfdzDeG4umXueIe2KNaUiqmXdU3xmMrm S0155bgUiVKc/JjrBnIAoggiYUVusYs9WNB QRw0CJjzGBhS43AqQQbCZK6LJnMNI9/cFjhF mbZ2zBGcozFZ5rPCqELAmr9s1XV+t8SkGd4 eVc4jRE91Rix7pnl7o49daTb9G28shz2pHK+ zS+Ml0+v1fVY1nD/tfqj89eyhjzfeqs3fbZ9 q30Dr6xtFZK72eijUX6Jpe2f8VPdMD38Bsv Gk3SZG6RJg/QP753N0guxSXKS4nl6Mbm8FXD GIW81jk917FBraRQIbPPcApznERepUmpGlpp pMqhQLNFL6FFP0E8rmLyA==</latexit><latexit sha1_base 64="SYezMsi/SaY88byUxLU8ivYG1po=">AA ACaXichVHLSsNAFD2N7/qquhHdiKXiqtyIqL gS3bjswz6glpLEaY1Nk5CkBS3+gCt3oq4UR MTPcOMPuPATxGUFNy68TQOiRb3DzJw5c8+dM zOqbeiuR/Qcknp6+/oHBofCwyOjY+ORicms a9UdTWQ0y7CcvKq4wtBNkfF0zxB52xFKTTVE Tq1utfdzDeG4umXueIe2KNaUiqmXdU3xmMrm S0155bgUiVKc/JjrBnIAoggiYUVusYs9WNB QRw0CJjzGBhS43AqQQbCZK6LJnMNI9/cFjhF mbZ2zBGcozFZ5rPCqELAmr9s1XV+t8SkGd4 eVc4jRE91Rix7pnl7o49daTb9G28shz2pHK+ zS+Ml0+v1fVY1nD/tfqj89eyhjzfeqs3fbZ9 q30Dr6xtFZK72eijUX6Jpe2f8VPdMD38Bsv Gk3SZG6RJg/QP753N0guxSXKS4nl6Mbm8FXD GIW81jk917FBraRQIbPPcApznERepUmpGlpp pMqhQLNFL6FFP0E8rmLyA==</latexit>
X36  X38
<latexit sha1_base64="fttTj/+gdMu2Cblp/J//SxMboW Q=">AAACcHichVHLSsNAFD2N7/qquhFc+CgVESw3KlpciW5c+uoDtJQkTjWYJjFJC7X0B/wBF25UEBE/w40/4MJPEHdWcO PCmzQgKuoNmXvmzD13zsyotqG7HtFjRGppbWvv6OyKdvf09vXHBgYzrlV2NJHWLMNycqriCkM3RdrTPUPkbEcoJdUQWfVw 1V/PVoTj6pa57VVtkS8p+6Ze1DXFYyqfK9TmFuozfkrVC7E4JSmIsZ9ADkEcYaxbsWvsYg8WNJRRgoAJj7EBBS5/O5BBsJ nLo8acw0gP1gXqiLK2zFWCKxRmD3nc59lOyJo893u6gVrjXQz+HVaOIUEPdEMNuqdbeqL3X3vVgh6+lypntakVdqH/ZHjr 7V9VibOHg0/Vn549FJEKvOrs3Q4Y/xRaU185Pm1sLW0mapN0Sc/s/4Ie6Y5PYFZetasNsXmGKD+A/P26f4LMbFKmpLwxH1 9eCZ+iEyOYwBTf9yKWsYZ1pHnfI5ziHBeRF2lYGpXGm6VSJNQM4UtI0x+gII5X</latexit><latexit sha1_base64="fttTj/+gdMu2Cblp/J//SxMboW Q=">AAACcHichVHLSsNAFD2N7/qquhFc+CgVESw3KlpciW5c+uoDtJQkTjWYJjFJC7X0B/wBF25UEBE/w40/4MJPEHdWcO PCmzQgKuoNmXvmzD13zsyotqG7HtFjRGppbWvv6OyKdvf09vXHBgYzrlV2NJHWLMNycqriCkM3RdrTPUPkbEcoJdUQWfVw 1V/PVoTj6pa57VVtkS8p+6Ze1DXFYyqfK9TmFuozfkrVC7E4JSmIsZ9ADkEcYaxbsWvsYg8WNJRRgoAJj7EBBS5/O5BBsJ nLo8acw0gP1gXqiLK2zFWCKxRmD3nc59lOyJo893u6gVrjXQz+HVaOIUEPdEMNuqdbeqL3X3vVgh6+lypntakVdqH/ZHjr 7V9VibOHg0/Vn549FJEKvOrs3Q4Y/xRaU185Pm1sLW0mapN0Sc/s/4Ie6Y5PYFZetasNsXmGKD+A/P26f4LMbFKmpLwxH1 9eCZ+iEyOYwBTf9yKWsYZ1pHnfI5ziHBeRF2lYGpXGm6VSJNQM4UtI0x+gII5X</latexit><latexit sha1_base64="fttTj/+gdMu2Cblp/J//SxMboW Q=">AAACcHichVHLSsNAFD2N7/qquhFc+CgVESw3KlpciW5c+uoDtJQkTjWYJjFJC7X0B/wBF25UEBE/w40/4MJPEHdWcO PCmzQgKuoNmXvmzD13zsyotqG7HtFjRGppbWvv6OyKdvf09vXHBgYzrlV2NJHWLMNycqriCkM3RdrTPUPkbEcoJdUQWfVw 1V/PVoTj6pa57VVtkS8p+6Ze1DXFYyqfK9TmFuozfkrVC7E4JSmIsZ9ADkEcYaxbsWvsYg8WNJRRgoAJj7EBBS5/O5BBsJ nLo8acw0gP1gXqiLK2zFWCKxRmD3nc59lOyJo893u6gVrjXQz+HVaOIUEPdEMNuqdbeqL3X3vVgh6+lypntakVdqH/ZHjr 7V9VibOHg0/Vn549FJEKvOrs3Q4Y/xRaU185Pm1sLW0mapN0Sc/s/4Ie6Y5PYFZetasNsXmGKD+A/P26f4LMbFKmpLwxH1 9eCZ+iEyOYwBTf9yKWsYZ1pHnfI5ziHBeRF2lYGpXGm6VSJNQM4UtI0x+gII5X</latexit><latexit sha1_base64="fttTj/+gdMu2Cblp/J//SxMboW Q=">AAACcHichVHLSsNAFD2N7/qquhFc+CgVESw3KlpciW5c+uoDtJQkTjWYJjFJC7X0B/wBF25UEBE/w40/4MJPEHdWcO PCmzQgKuoNmXvmzD13zsyotqG7HtFjRGppbWvv6OyKdvf09vXHBgYzrlV2NJHWLMNycqriCkM3RdrTPUPkbEcoJdUQWfVw 1V/PVoTj6pa57VVtkS8p+6Ze1DXFYyqfK9TmFuozfkrVC7E4JSmIsZ9ADkEcYaxbsWvsYg8WNJRRgoAJj7EBBS5/O5BBsJ nLo8acw0gP1gXqiLK2zFWCKxRmD3nc59lOyJo893u6gVrjXQz+HVaOIUEPdEMNuqdbeqL3X3vVgh6+lypntakVdqH/ZHjr 7V9VibOHg0/Vn549FJEKvOrs3Q4Y/xRaU185Pm1sLW0mapN0Sc/s/4Ie6Y5PYFZetasNsXmGKD+A/P26f4LMbFKmpLwxH1 9eCZ+iEyOYwBTf9yKWsYZ1pHnfI5ziHBeRF2lYGpXGm6VSJNQM4UtI0x+gII5X</latexit>
(a)
<latexit sha1_base64="8umtUCOGwLZB9Y FVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVp D0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv 6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7 yGLfaqStnUS7qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCz dwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/ rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4G u6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dw yTnGG89CTNCZNSdPdVCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOGwLZB9Y FVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVp D0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv 6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7 yGLfaqStnUS7qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCz dwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/ rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4G u6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dw yTnGG89CTNCZNSdPdVCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOGwLZB9Y FVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVp D0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv 6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7 yGLfaqStnUS7qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCz dwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/ rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4G u6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dw yTnGG89CTNCZNSdPdVCkUaCbxJaTYB7XOikY=</latexit><latexit sha1_base64="8umtUCOGwLZB9Y FVVDDznicUKRc=">AAACZnichVHLSsNAFD2N7/poVUTBTbEodVNuRFBciW5c2tY+oIokcVp D0yQkaaEWf0BwqwtXCiLiZ7jxB1z0DxSXFdy48DYNiIp6h5k5c+aeO2dmVNvQXY+oFZJ6evv 6BwaHwsMjo2OR6PhEzrVqjiaymmVYTkFVXGHopsh6umeIgu0IpaoaIq9WNjv7+bpwXN0yd7 yGLfaqStnUS7qmeExlEsrifjROSfIj9hPIAYgjiG0reoNdHMCChhqqEDDhMTagwOVWhAyCz dwemsw5jHR/X+AYYdbWOEtwhsJshccyr4oBa/K6U9P11RqfYnB3WBnDPD3SLbXpge7omd5/ rdX0a3S8NHhWu1ph70dOZjJv/6qqPHs4/FT96dlDCau+V5292z7TuYXW1dePztuZtfR8c4G u6IX9X1KL7vkGZv1Vu06J9AXC/AHy9+f+CXJLSZmScmo5vr4RfMUgZjGHBL/3CtaxhW1k+dw yTnGG89CTNCZNSdPdVCkUaCbxJaTYB7XOikY=</latexit>
X411  X48
<latexit sha1_base64="aGLbTmi+OyQIMvTb7GBz9RU/zDA=">AAACcXichVHLSsNAFD2N7/po1Y3iprQoglhuRFBc iW5c+qot+ChJHGswL5K0oKE/4A8ouGpBRPwMN/6ACz9BXFZw48KbNCAq6g2Ze+bMPXfOzKiOoXs+0VNC6ujs6u7p7Uv2DwwOpdLDIzueXXU1UdBsw3ZLquIJQ7dEwdd9Q5QcVyimaoiierIarhdrwvV029r2Tx2xbyoVSz/SNcVn6qBUDuZluT4 b5sV6OZ2jPEWR+QnkGOQQx7qdvsEeDmFDQxUmBCz4jA0o8PjbhQyCw9w+AuZcRnq0LlBHkrVVrhJcoTB7wmOFZ7sxa/E87OlFao13Mfh3WZnBJD3SLbXoge7omd5/7RVEPUIvp5zVtlY45dT52NbbvyqTs4/jT9Wfnn0cYTHyqrN3J2LCU2htfe 3sorW1tDkZTFGTXth/g57onk9g1V616w2xeYUkP4D8/bp/gp25vEx5eWM+t7wSP0UvJpDFNN/3ApaxhnUUeF8Xl2igmWhJ41JGyrZLpUSsGcWXkGY+ACSpjo8=</latexit><latexit sha1_base64="aGLbTmi+OyQIMvTb7GBz9RU/zDA=">AAACcXichVHLSsNAFD2N7/po1Y3iprQoglhuRFBc iW5c+qot+ChJHGswL5K0oKE/4A8ouGpBRPwMN/6ACz9BXFZw48KbNCAq6g2Ze+bMPXfOzKiOoXs+0VNC6ujs6u7p7Uv2DwwOpdLDIzueXXU1UdBsw3ZLquIJQ7dEwdd9Q5QcVyimaoiierIarhdrwvV029r2Tx2xbyoVSz/SNcVn6qBUDuZluT4 b5sV6OZ2jPEWR+QnkGOQQx7qdvsEeDmFDQxUmBCz4jA0o8PjbhQyCw9w+AuZcRnq0LlBHkrVVrhJcoTB7wmOFZ7sxa/E87OlFao13Mfh3WZnBJD3SLbXoge7omd5/7RVEPUIvp5zVtlY45dT52NbbvyqTs4/jT9Wfnn0cYTHyqrN3J2LCU2htfe 3sorW1tDkZTFGTXth/g57onk9g1V616w2xeYUkP4D8/bp/gp25vEx5eWM+t7wSP0UvJpDFNN/3ApaxhnUUeF8Xl2igmWhJ41JGyrZLpUSsGcWXkGY+ACSpjo8=</latexit><latexit sha1_base64="aGLbTmi+OyQIMvTb7GBz9RU/zDA=">AAACcXichVHLSsNAFD2N7/po1Y3iprQoglhuRFBc iW5c+qot+ChJHGswL5K0oKE/4A8ouGpBRPwMN/6ACz9BXFZw48KbNCAq6g2Ze+bMPXfOzKiOoXs+0VNC6ujs6u7p7Uv2DwwOpdLDIzueXXU1UdBsw3ZLquIJQ7dEwdd9Q5QcVyimaoiierIarhdrwvV029r2Tx2xbyoVSz/SNcVn6qBUDuZluT4 b5sV6OZ2jPEWR+QnkGOQQx7qdvsEeDmFDQxUmBCz4jA0o8PjbhQyCw9w+AuZcRnq0LlBHkrVVrhJcoTB7wmOFZ7sxa/E87OlFao13Mfh3WZnBJD3SLbXoge7omd5/7RVEPUIvp5zVtlY45dT52NbbvyqTs4/jT9Wfnn0cYTHyqrN3J2LCU2htfe 3sorW1tDkZTFGTXth/g57onk9g1V616w2xeYUkP4D8/bp/gp25vEx5eWM+t7wSP0UvJpDFNN/3ApaxhnUUeF8Xl2igmWhJ41JGyrZLpUSsGcWXkGY+ACSpjo8=</latexit><latexit sha1_base64="aGLbTmi+OyQIMvTb7GBz9RU/zDA=">AAACcXichVHLSsNAFD2N7/po1Y3iprQoglhuRFBc iW5c+qot+ChJHGswL5K0oKE/4A8ouGpBRPwMN/6ACz9BXFZw48KbNCAq6g2Ze+bMPXfOzKiOoXs+0VNC6ujs6u7p7Uv2DwwOpdLDIzueXXU1UdBsw3ZLquIJQ7dEwdd9Q5QcVyimaoiierIarhdrwvV029r2Tx2xbyoVSz/SNcVn6qBUDuZluT4 b5sV6OZ2jPEWR+QnkGOQQx7qdvsEeDmFDQxUmBCz4jA0o8PjbhQyCw9w+AuZcRnq0LlBHkrVVrhJcoTB7wmOFZ7sxa/E87OlFao13Mfh3WZnBJD3SLbXoge7omd5/7RVEPUIvp5zVtlY45dT52NbbvyqTs4/jT9Wfnn0cYTHyqrN3J2LCU2htfe 3sorW1tDkZTFGTXth/g57onk9g1V616w2xeYUkP4D8/bp/gp25vEx5eWM+t7wSP0UvJpDFNN/3ApaxhnUUeF8Xl2igmWhJ41JGyrZLpUSsGcWXkGY+ACSpjo8=</latexit>
X411
<latexit sha1_base64="ygYPsW1Qog2bgboGEe1ZZd6p5sU=">AAACanichVG7SgNBFD 1Z3/GRqI1iE4yKVbgrAcVKtLGMxjxAJeyuk7hkX+xuAjH4A3ZWgqkURMTPsPEHLPIJop2CjYU3mwVRUe8wM2fO3HPnzIzqGLrnE7UjUk9vX//A4FB0eGR0LBYfn8h7ds3VRE6zDdst qoonDN0SOV/3DVF0XKGYqiEKanWjs1+oC9fTbWvHbzhi31Qqll7WNcVnqlAsNdOyfFyKJylFQSR+AjkESYSRsePX2MMBbGiowYSABZ+xAQUet13IIDjM7aPJnMtID/YFjhFlbY2zBGc ozFZ5rPBqN2QtXndqeoFa41MM7i4rE5inB7qhF7qnW3qk919rNYMaHS8NntWuVjil2MlU9u1flcmzj8NP1Z+efZSxEnjV2bsTMJ1baF19/ejsJbu6Pd9coEt6Yv8X1KY7voFVf9Wut sR2C1H+APn7c/8E+aWUTCl5K51cWw+/YhAzmMUiv/cy1rCJDHKBu1OcoxV5liakaWmmmypFQs0kvoQ09wF3+4wB</latexit><latexit sha1_base64="ygYPsW1Qog2bgboGEe1ZZd6p5sU=">AAACanichVG7SgNBFD 1Z3/GRqI1iE4yKVbgrAcVKtLGMxjxAJeyuk7hkX+xuAjH4A3ZWgqkURMTPsPEHLPIJop2CjYU3mwVRUe8wM2fO3HPnzIzqGLrnE7UjUk9vX//A4FB0eGR0LBYfn8h7ds3VRE6zDdst qoonDN0SOV/3DVF0XKGYqiEKanWjs1+oC9fTbWvHbzhi31Qqll7WNcVnqlAsNdOyfFyKJylFQSR+AjkESYSRsePX2MMBbGiowYSABZ+xAQUet13IIDjM7aPJnMtID/YFjhFlbY2zBGc ozFZ5rPBqN2QtXndqeoFa41MM7i4rE5inB7qhF7qnW3qk919rNYMaHS8NntWuVjil2MlU9u1flcmzj8NP1Z+efZSxEnjV2bsTMJ1baF19/ejsJbu6Pd9coEt6Yv8X1KY7voFVf9Wut sR2C1H+APn7c/8E+aWUTCl5K51cWw+/YhAzmMUiv/cy1rCJDHKBu1OcoxV5liakaWmmmypFQs0kvoQ09wF3+4wB</latexit><latexit sha1_base64="ygYPsW1Qog2bgboGEe1ZZd6p5sU=">AAACanichVG7SgNBFD 1Z3/GRqI1iE4yKVbgrAcVKtLGMxjxAJeyuk7hkX+xuAjH4A3ZWgqkURMTPsPEHLPIJop2CjYU3mwVRUe8wM2fO3HPnzIzqGLrnE7UjUk9vX//A4FB0eGR0LBYfn8h7ds3VRE6zDdst qoonDN0SOV/3DVF0XKGYqiEKanWjs1+oC9fTbWvHbzhi31Qqll7WNcVnqlAsNdOyfFyKJylFQSR+AjkESYSRsePX2MMBbGiowYSABZ+xAQUet13IIDjM7aPJnMtID/YFjhFlbY2zBGc ozFZ5rPBqN2QtXndqeoFa41MM7i4rE5inB7qhF7qnW3qk919rNYMaHS8NntWuVjil2MlU9u1flcmzj8NP1Z+efZSxEnjV2bsTMJ1baF19/ejsJbu6Pd9coEt6Yv8X1KY7voFVf9Wut sR2C1H+APn7c/8E+aWUTCl5K51cWw+/YhAzmMUiv/cy1rCJDHKBu1OcoxV5liakaWmmmypFQs0kvoQ09wF3+4wB</latexit><latexit sha1_base64="ygYPsW1Qog2bgboGEe1ZZd6p5sU=">AAACanichVG7SgNBFD 1Z3/GRqI1iE4yKVbgrAcVKtLGMxjxAJeyuk7hkX+xuAjH4A3ZWgqkURMTPsPEHLPIJop2CjYU3mwVRUe8wM2fO3HPnzIzqGLrnE7UjUk9vX//A4FB0eGR0LBYfn8h7ds3VRE6zDdst qoonDN0SOV/3DVF0XKGYqiEKanWjs1+oC9fTbWvHbzhi31Qqll7WNcVnqlAsNdOyfFyKJylFQSR+AjkESYSRsePX2MMBbGiowYSABZ+xAQUet13IIDjM7aPJnMtID/YFjhFlbY2zBGc ozFZ5rPBqN2QtXndqeoFa41MM7i4rE5inB7qhF7qnW3qk919rNYMaHS8NntWuVjil2MlU9u1flcmzj8NP1Z+efZSxEnjV2bsTMJ1baF19/ejsJbu6Pd9coEt6Yv8X1KY7voFVf9Wut sR2C1H+APn7c/8E+aWUTCl5K51cWw+/YhAzmMUiv/cy1rCJDHKBu1OcoxV5liakaWmmmypFQs0kvoQ09wF3+4wB</latexit> X48
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Figure 5: Projecting triangulation for p = 4, n = 8 and p = 5, n = 11.
We can interpret this result as the prism formed by projecting the facet X310 onto line X14.
p = 5,n = 11 case:
Let’s consider a one-variable rescaling
X15 → zX15. (131)
In this case, there are two Q-compatible sets (28). In the Q(P1) set, only X411 will be shifted
and the recursion formula becomes as
mP1p=5,n=11(X,C) =
(
1
X411
+
1
X15
)
mˆP1L45678910I × mˆP1RI11123
=
(
1
X411
+
1
X15
)(
1
X117
+
1
X610
)
.
(132)
This corresponds to the p = 5, n = 11, Q(P1)-compatible amplitude. This is the canonical
function of the the prism formed by projecting the facet X411 onto line X15. Similarly, in the
32
Q(P2) set X48 and X411 will be shifted. Then from the recursion formula,
mP25,11(X,C) =
(
1
X48
+
1
X15
)
mˆP2L4567I × mˆP2RI891011123 +
(
1
X411
+
1
X15
)
mˆP2L45678910I × mˆP2RI11123
=
(
1
X48
+
1
X15
)(
1
X411 −X48 +
1
X18
)
+
(
1
X411
+
1
X15
)(
1
X48 −X411 +
1
X711
)
.
(133)
This corresponds to the p = 5, n = 11, Q(P2)-compatible amplitude. We can also see that
these two terms are the canonical functions of the two 2-dimensional prisms as (b) in Figure
5.
6 Discussions
In this paper, we have investigated the weights of the accordiohedron and the one-parameter
recursion relations of the φp tree amplitude. The main difference with the φ3 case is that there
is no single polytope which represents complete scattering amplitude. For each Q-compatible
set of graphs of φp, we can define the accordiohedron as the positive geometry and the full
scattering amplitudes are given as a weighted sum over all of these accordiohedra.
We have determined these weights from the factorization property of the accordiohedra.
This means that even in this φp case, the geometry of the accordiohedron is enough to
calculate scattering amplitudes.
We also have constructed one-parameter recursion relations of the φp tree amplitudes.
In the case of φp, we need to consider these recursion relations for each Q-compatible set
of graphs. After some examples of the BCFW-like recursion, we have obtained the all-
multiplicity result for the φp tree amplitudes. In addition to this, we constructed the pro-
jective recursion relation of the φp tree amplitudes. We calculated some examples of the
one-variable projective recursion. This can be interpreted as the projective triangulation of
the accordiohedron.
There are many open questions for future studies. One of the issues is to consider the
polynomial interaction case. In the case of λ3φ
3+λ4φ
4, it is known that the positive geometry
is the accordiohedron [14]. Even in this case, there are some accordiohedra for each amplitude
and we need to determine the weights to obtain the amplitude. Then is it possible to deter-
mine the weights from the factorization of the accordiohedra for this polynomial interaction
case? Another question is whether is it possible to apply the one-parameter recursions to
this polynomial case. We plan to address these questions in the future.
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A Some details for p = 4, n = 10 case
Triangulation of the stokes polytope
There are 7 primitive quadrangulation
P1 = (14, 510, 69), P2 = (14, 16, 18), P3 = (14, 16, 69), P4 = (14, 49, 69),
P5 = (14, 47, 710), P6 = (14, 510, 710), P7 = (14, 16, 710).
(134)
First, we consider P1, the Q-compatible set is given as (76). The stokes polytope for this case
is 8-vertices three dimensional polytope. The constraints defining it in the kinematic space
are given as
sij = −Cij , for i ≤ i < j ≤ 9 with|i− j| ≥ 2
X13 = d13, X410 = d410, X59 = d59, X68 = d68.
(135)
We label all of the vertices by the three adjacent facets as
Z(0) = {X14, X510, X69}, Z1 = {X58, X49, X310}, Z2 = {X58, X510, X310}, Z3 = {X69, X510, X310},
Z4 = {X49, X14, X58}, Z(1)310 = {X69, X310, X49}, Z(1)49 = {X49, X69, X14}, Z(1)58 = {X58, X14, X510}.
(136)
The direct computation gives
Z(0) = (1, 0, 0, 0), Z1 = (1, A310, A49, A58), Z2 = (1, A310, 0, A58), Z3 = (1, A310, 0, 0),
Z4 = (1, 0, A49, A58), Z
(1)
310 = (1, A310, A49, 0), Z
(1)
49 = (1, 0, A49, 0), Z
(1)
58 = (1, 0, 0, A58).
(137)
where
A310 =
∑
1≤a<3
4≤b<10
Cab, A58 = d68 + d59 + C59, A49 = d59 + d410 + C410,
(138)
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and we omitted the label of Q(P1) (Z
P1 → Z). From the general formula, the triangulation
of this polytope is given as
[Z(0), Z
(1)
310, Z1, Z2]P1 + [Z
(0), Z
(1)
310, Z2, Z3]P1 + [Z
(0), Z
(1)
49 , Z4, Z1]P1
+ [Z(0), Z
(1)
49 , Z1, Z
(1)
310]P1 + [Z
(0), Z
(1)
58 , Z2, Z1]P1 + [Z
(0), Z
(1)
58 , Z1, Z4]P1 ,
(139)
We can compute each term, for example:
[Z(0), Z
(1)
310, Z1, Z2]P1
=
A3310A49A58
(A310 −X14)(A310X510 −A49X14)(A310X69 −A58X14)(A310A49X69 +A310A58X510 −A49A58X14) ,
(140)
[Z(0), Z
(1)
310, Z2, Z3]P1
=
A310A49A58
(−A310 +X14)X510X69(A310A49X69 +A310A58X510 −A49A58X14) ,
(141)
[Z(0), Z
(1)
49 , Z4, Z1]P1
=
A310A49A58
X14(A49 −X510)(A58X14 −A310X69)(A49X69 −A58X510) ,
(142)
[Z(0), Z
(1)
49 , Z1, Z
(1)
310]P1
=
A310A49A58
X14X69(−A49 +X510)(A310A49X69 +A310A58X510 −A49A58X14) ,
(143)
[Z(0), Z
(1)
58 , Z2, Z1]P1
=
A310A49A58
X510(−A49X14 +A310X510)(A58 −X69)(A58X14 −A310X69) ,
(144)
[Z(0), Z
(1)
58 , Z1, Z2]P1
=
A310A49A58
X14(−A49X14 +A310X510)(A58 −X69)(−A58X510 +A49X69)
(145)
Then the sum of these terms is
1
X14X49X58
+
1
X310X49X58
+
1
X14X510X58
+
1
X310X510X58
+
1
X14X49X69
+
1
X310X49X69
+
1
X14X510X69
+
1
X310X510X69
.
(146)
This corresponds to the canonical function of the stokes polytope.
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B Explicit results of the triangulation for p = 6, n = 14 case
[Z∗, Z1, Z2]P1 + [Z∗, Z2, Z3]P1
=
A514A813
(A514 −X16)X914(−X914A514 +X16A813) +
A514A813
(X914 −A813)X16(X16A813 −X914A514) ,
[Z∗, Z1, Z2]P2 + [Z∗, Z2, Z3]P2
=
A514A712
(X914 −A712)X914(X914A514 −X16A712) +
A514A712
(X16 −A514)X16(X16A712 −X914A514) ,
[Z∗, Z1, Z2]P3 + [Z∗, Z2, Z3]P3 + [Z∗, Z3, Z4]P3
=
A510(A510 −A514)
X110(A510 +X110 −X16)(A514X110 −A514X16 +A510X16)
+
A2514(A510 −A514 +A914)
(A514 −X16)(A514X110 −A914X16)(A514X16 −A514X110 −A510X16)
+
A514A914
(A914 −X110)X16(X110A514 −X16A914)
(147)
where
A514 =
∑
1≤a<5
6≤b<14
Cab, A510 =
∑
1≤a<5
6≤b<10
Cab
A813 = d814 + d913 + C813, A712 = d812 + d713 + C712.
(148)
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